7 Additional Proofs for: Crump, Hotz, Imbens and Mitnik,

“Nonparametric Tests for Treatment Effect Heterogeneity”

Proof of Lemma A.1: We will generalize the proof in Imbens, Newey and Ridder (2006). For (i) we
will show

E _HQU,,K - Qw,KHT < C-C(K)?K/N

so that the result follows by Markov’s inequality.
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The second term is
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The first term is
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We can then partition this expression into terms with ¢ = j,
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and with terms i # j,
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Combining equations (B.1), (B.2) and (B.3) yields,
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where (B.11) follows by
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which then implies that

K
Z Ri(z) < ((K)%
k=1

(B.12) follows since the maximum eigenvalue of Q,, i is O(1) (see below).

For (ii), let us first show that for any two positive semi-definite matrices A and B, and conformable
vectors a and b, if A > B in a positive semi-definite sense, then for

Amin(4) = I,nilll a'Aa =d Aa, Amin(B) = ;Igirll b’ Bb = b’ Bb,
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and

Amaz(A) = max @’ Aa = @’ Aa, Apar(B) = Imax b’ Bb = ' Bb,

a’a=1

we have that,

Amin(A) = a'Aa > a’Ba > b Bb = \yin(B) (B.13)
and

Mnaz(A) = @' Aa > 0 Ab > b Bb = A\ppaz(B). (B.14)

Now, let fu(z) = fxyw(@|W = w) and recall that ., x = E[Rx(X)Rx(X)'|W = w] where Q x is
normalized to equal Ix. Next define

q(z) = fo(z)/ f1(x)

and note that by Assumptions 2.3 and 3.1 we have that
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Q is a positive semi-definite matrix, which implies that Qo,x > ¢+ i in a positive semi-definite sense.
Thus by (B.13)

)\min (QO,K) Z g : )\mzn (QI,K) - g

and the minimum eigenvalue of Q¢ g is bounded away from zero. Also, since g - {1 x > Q in a positive
semi-definite sense, using (B.14) we have

Amax (0.5) = max d' (q- 1 +Q) d
<gq- max d, 1 kdi + n;ax d2Qd2

11* dyda=1

. max dzgl Kd2
2 2=1

and the maximum eigenvalue of } g is bounded. Both the minimum and maximum eigenvalue of 2 g
are bounded away from zero and bounded, respectively, by construction.
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For (ii3) consider the minimum eigenvalue of {2y, k.
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Where (B.19) follows since for a symmetric matrix A
JA[I” = tr (A%) > Amin(A)?,
and since the norm is nonnegative
[All = =Amin(A)
and
Al > Amin(A)

for all values of Apin(A). Finally, (B.20) follows by part (7).

Next, consider the maximum eigenvalue of €y, k.
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Where (B.25) follows by the above discussion and (B.26) follows by part (i). B

Proof of Lemma A.2: For (i),
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So that Amin (V) is bounded away from zero by Assumption 3.2 and by Lemma A.1. Also,
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So that Amax (V') is bounded by Assumption 3.2 and by Lemma A.1.

For (1),
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Where the last line follows by (B.20). Thus, Amin (V) is bounded away from zero with probability going
to one by part (i) and Assumption 3.3. Finally,
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Where the last line follows by (B.26). Thus, Apax (f/) is bounded with probability going to one by part
(7) and Assumption 3.3.

Before proving Theorem (3.3) we need the following lemma.

Lemma B.1 Recall that we partitioned V as
; Voo Von )
V = A A
( Vio Vi

Voo Vou
V =
( Vio Vi1 )

and



where Voo and Voo are scalars, Vi and Vo1 are 1 X (K — 1) vectors, Vio and Vig are (K —1) x 1 vectors
and Vi1 and Vi1 are (K — 1) x (K — 1) matrices. Then,

Ao (V1) = A (V17") Amaz (V) > Anaw (ViT1)
and

Amin (V) < duin (V") Amin (V1) < Awin (Vi)
Proof The proof follows by the interlacing theorem, see Li-Mathias (2002):

If A is an n X n positive semi-definite Hermitian matrix with eigenvalues \y > ... > \,, Bisa k x k
principal submatrix of A with eigenvalues A\; > ... > A, then

Xi > X > Aigni, i=1,..k.

In our case, V and V are positive definite, symmetric and thus positive definite, Hermitian. So then, by
the interlacing theorem

Amin (V) < Amin (‘711) = Mnax (V_ > Amaz (Vﬁl)
Amin (V) < Amin (Vi1) = Aas (V_l)
Amaz (V) > Anaz (Vll) = Amnin (V

1

)\ma:c (V) > Amam (Vll) - )\mzn (Vﬁ )

)

> Amaz (Vi1')

) < (1)
< Amin (Vi7')

Proof of Theorem (3.3): When the conditional average treatment effect is constant we may choose the
two approximating sequences, 78) x and *y?) i to differ only by way of the first element (the coefficient
of the constant term in the approximating sequence). In other words, if py(z) — po(x) = 70 for all
x € X, then the coefficients of the power series terms involving x” such that r > 0 should be identical
for w = 0,1, so that their difference no longer varies with z.

Thus, a natural strategy to test the null hypothesis of a constant conditional average treatment ef-
fect is to compare the last K — 1 elements of 41 x and 49 x and to reject the null hypothesis when these
elements are sufficiently different.
First, note that by equations (A.10) and (A.11) and the consistency of V we have that

~ . . d

Vit VN (ke = Aok = (Ve = 01x)) = N (0, Irc—1) (B.27)

To simplify notation, define

S

=Y11,Kx — Yo1,K
and
* % *
6" = M1, — Yo1,K-

We may again follow the logic of Lemmas (A.3), (4.4), and (A.5) to conclude that
. ro .
T = (N~ (5—5*) vt (5—5*) —(K—1)>/ 2(K — 1)

[6]



converges in distribution to a A(0,1) random variable. We need only show that |T*" — T'| = 0,(1) to
complete the proof. First, we will again use results from Lemma A.6. Specifically, note that

K
H%TA,K - 731,1(”2 = Z (7:11,1(,1' - 731,1(,1')2
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1=2
= ‘ 'YZ;,K - 73,1{“2
- 0 ((KéKZ 2> (B.28)
by Lemma A.6 (iii) and
K
it = 00xll” = D Gutri —100m)”
1=2
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-

@
I|
)
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= 0, ((K%N% +K§)2) . (B.29)

by Lemma A.6 (iv). We may choose the last (K — 1) elements of the approximating sequence to be
equal, 79, x = 701 - This allows us to bound ¢ and §* by the following

5 1911, — For,x ||

= |5 =k + 00k — o1k ||
H'AVHyK - ”Y?l,KH + ||781,K - ’701,1(”

0, (K%N’% + K*%) (B.30)

IN

by equation (B.29). Also,

16° =[x — 00kl
H”Yfl,K - 7?1,1{ + 781,1{ - 751,1{”
Hﬁl,K - 7101,KH + H%?LK - 731,1(”

- 0 (K%K—%) (B.31)

IN

by equation (B.28).

Next note that,

T —T'| =N { (5 - 5*)1 iy (5 B 5*) B 5/‘71;15} =N {5*/‘71;15* - 5"71]16*}



Consider the first term,

5V e

= ‘tr(&*/f/ﬁlé*)
181 A (Vi)
1611 Ammaz (V1)
C - [|6°[1* + 0p(1)

= O(KK—%)

ININIA

(B.34) follows from Lemma B.1, (B.35) follows from Lemma A.2 and Assumption 3.3, and (B.36) follows

from (B.31). Now consider the second term,

2.6V = 2|t (5’171;15*)
< 2|3 1871 A (V21")
<2 8] 08I Avmaa (V)
< C-[3]- 1071+ o

= 0, (K%N’% +K*5) 0 (K%K*%)

(B.37)
(B.38)
(B.39)
(B.40)

(B.41)

(B.39) follows from Lemma B.1, (B.40) follows from Lemma A.2 and Assumption 3.3, and (B.41) follows

from equations (B.30) and (B.31). Thus,

T ~T'|=O(N) - [0 (KK~#) +0, (KIN* + k) .0 (K¥K )]
All three terms are 0,(1) by Assumptions 3.2 and 3.3 and so we have

N - Gnix —31.5) Viit G — Ao1.x) < X (K —1).
Finally, by Lemma A.5 replacing K with (K — 1), we have that

__ 1
2K — 1)

[N : ((%1,1{ —Ho1,x) Viit i — %1,1{)) - (K — 1)} < N(0,1)

[ ]
Proof of Theorem 3.4 First, note that we may partition Rk () as

i = ()

Next, consider

PN - SUD |A(z)| = sup |p1(z) — po(z) — 7]
e xT

< sup | Ric(2)3 e = (2)] + sup [Ric ()10 xc = po )|
xE€ xre

+sup | Rk (2)" 50,5 — Rk ()'70 x| + sup | Rk (2)'51,5 — R ()} k|
reX zeX

+sup |[Rx—1(z) %11,k — Rx—1(x) Y01, | + |R1910,56 — R1%00,x — 7|
zeX

< sup |Ric (2)70 x — po(x)| + sup |Ri(2)'77 x — pa ()]
xTE €
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+SUPHRK - ||50.5 — %KH‘FSUPHRK I 1A =Wkl

+sup||Rx—1(2)] - [|[%11,x — Yo1,x| + [R1¥10,x — R100,x — 7|
zeX

< sup |Ric(2)'70,1c — o ()] + sup |Ri ()77 x — pa ()]
xT

+C(K H'VO K~ KH + (K H’AYLK - ”Y?,KH + C(K) - [911,56 — Yor,k ||
+ |R1%10,x — R1%00.x — 7|
Thus,

1411, 5¢ — Fo1, k|| = ¢ HEK) - pw '8161§|A($)| - (H(K) SUP |Ric (2) 78k — po(@)|
—¢HK)- Slelg}RK N = m@)] = JFo,x =70kl = |F.x =7 k]l
—¢YK) - |Ri10.5 — R1%00,x — 7|

sup,ex [ Ric (#) 106 — #o(@)|  sup,ex [Ric(#)' 90k — pua (@)
pn - Co pn - Co

> (HK) - pn - Co - <1—

pn - Co

—((K) - — (K

). 91,6 =kl _ [Rifo,x — Ridoo,x — 7
pn - Co pn - Co

By the results in the proof of Theorem 3.2 we need only consider,

|R1”Y10,Kp;1.fg;00,1< -l -0, (N*1/2) .0 (N1/273V/276) = 0,(1)

Where v N-consistency follows since we are now in the case of the parametric term in a partially-linear
model. Thus, we now have that

1911, = For,x || > CTHE) - pnv - Co
and by following the steps in the proof of Theorem 3.2, it follows that for any M’,
Pr (NY2E 2 4k = Ao > M) — 1. (B.42)

Next, we will show that this implies that

. A Iv—1 (4 _ 2 _ _
Pr N (11,6 —o1,6) Vii (i, —Jo,x) — (K= 1) >2M | — 1.
2(K-1)

Let )y denote Apin(Vi7'). Then by Lemma B.1, A, is bounded away from zero by at least the lower
bound A. Thus,

Pr N (Fi1,x —Ao1,x) Vit Garx —Aorx) — (K —1) < oM
2K 1)

Pr (N (F11,x — For,i) Vit (Gank — Aorie) > MVB (K — 1) 4 (K — U)

Y

Pr (NA (311, — Ao1,x) Ginie —Aor,x) > MVB(K — 1) 4 (K — 1))

Pr (NK—l A1k — Aorxl? > A~ (1 FMVE(K - 1)K - K‘l))
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1/2
=Pr <N1/2K_1/2 %11, — Aok || > A2 (1 +MVB(K —1)P K - K_l) > :

Again, for any M, for large enough N, we have

1/

2
AL/ (1 FMVB(K —1)VPK K’l) <oAV2,

it follows that this probability is for large N bounded from below by the probability
=Pr (Nl/QK_1/2 1911,5 — For,x || > 2371/2) ,

which goes to one by (B.42). Finally, we show that this implies that

. N (Fi1,x —%01,x) Vit Ginx — do1,k) — (K — 1)
(k-1

Pr(T' > M) =P >M>—>1.

Let 211 = /\min(f/ﬁl) be the minimum eigenvalue of the matrix Vﬁl. Lemmas A.1, A.2 and B.1,
Assumption 3.3 and the consistency of &3 ., 67 x and & imply that A;; — Ay = op(1). Since Ay, is

bounded away from zero, it follows that 311 is bounded away from zero with probability going to one.

Let B denote the event that )\min(f/ﬁl) > A/2 and Nﬁ“'“_%1'K\)}(Q?;‘:;%LK)_(K_D > 2M/\. The

probability of the event B converges to one since,

pe (N (11,6 — For,x) Vi7" (1r.x —Jorx) — (K — 1) < oM
2K - 1)

> Pr <N (11,5 — Jo1,K) (;Y(l;{K__levi) — (K- > 2M/A>

Also, B implies that

N (5115 — Jo1,x) Vii" ik — Jor.x) — (K — 1)
S (K —1)

S N (A1, — A1) (Fa1,x — A1) — (K — 1)
= 2(K 1)

o N2 (n1,x — Fo1,x) (1,6 — For,i) — (K —

1) _
Ty > A/2-2M/A = M.

Hence Pr(T" > M)) — 1. &

Lemma B.2 Suppose Assumptions 2.1-2.8 and 8.1-8.3 hold. Then,

K% .

5-121171( - 012u| = O;D(l)
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2=l D ik (X)) -

YW =w
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Far D0 0 (X0) G (X0) = (X0)
w i|Wy=w
1 2
<|w X im0 - (B.43)
2 G (X0) — o (X)? (B.44)
w i|W=w
Fla 3 0 gt (X0) G (X0) — s (X)) (8.45)

Note first that equation (B.43) is O, (N _%) by the weak law of large numbers. Now consider equation
(B.44),

1 N
N Y (rk (Xi) = p (X))

Yilwi=w
~ 2
< sup |fiw, i () = fro ()]

x

— (Op (C(K)K~%) +0, (C (K)K%N—%))Q

where the last line follows from Lemma A.6 (iv), since ((K) = O(K), and by Assumption 3.3. Finally,
consider equation (B.45). Note first that,

Ni Z (Yi — pw (X3)) (o, & (X)) — o (X5))
w | Wi=w
Sl S0 0 s (X)) (e (X0) — i (X)) (B.46)
w | Wi=w
Fla 30 0 (X0) (e (X0 — s (X)) (B.47)

YW =w

We will first work with equation (B.47). Note that the individual summands have mean zero conditional
on X. Thus,

0 (= g (X)) (st e () = o (X)) [X

E {NLV Yoo X] (5,5 (X) = o (X))Q]

w

2 1
wNw

=0

E | (.5 (X) = i (X))]
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1
:0’2—

v E (e () = (X))
<O NTHsup g e (1) = o ()]
=C N YW(K?KK™ @
-0 (N*lc (K)? KK*%S)
where the penultimate line follows by Lemma A.6 (i) and (4¢). So finally,

E|lx 30— g (X0) (b (X0) — s (X0)

< (V] XD 00— (60) (e (X0) = g (X))

YiWi=w
-0 (N—%Q(K)K%K—%)

so then by Markov’s inequality, equation (B.47) is O (N_%C (K)K%K_i). Now consider equation
(B.46),

NL Z (Yi — p (X3)) (frw, i (Xi) = pigy 1 (X))

Vi Wi=w
< Ni Z |(Y: = g (X3)) (frow, i (X3) — iy 5 (X3)) |

YW =w

< SUp |fu ¢ (@) — piy g (2)] 2]V

=0, (¢(K)’ N~)

where the last line follows by Markov’s inequality and Assumption 3.2 and Imbens, Newey and Ridder
(2006). Finally, combining terms yields,

1

6%k = 02| = 0, (N72) 40, (¢ (K K% ) +0, (¢ (K) KNT') 40, (¢ (K)* K

NI
=2
-
=
o
N~—r

and so,

1

K3.|62

Ghrc —onl = 0y (KENTH) 40, (C(K)* KK )40, (¢ (K)° KINT')+0, (¢ (K)? KN"K )

O (NHC(K)KK™1) +0, (¢(K) KENTH)

and all five terms are o,(1) by Assumptions 3.2 and 3.3. [ |
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