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equilibrium may thus occur. We however show that space has still an important role on the 
interaction between land and labor markets, and decompose the equilibrium unemployment rate 
into two parts: a pure non-spatial one (which corresponds to the standard matching model) and 
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4 Lqwurgxfwlrq

Lw kdv ehhq uhfrjql}hg iru d orqj wlph wkdw glvwdqfh lqwhudfwv zlwk wkh gl�xvlrq ri lqirupdwlrq1

Lq klv vhplqdo frqwulexwlrq wr vhdufk/ Vwljohu +4<94, sxwv jhrjudsklfdo glvshuvlrq dv rqh ri

wkh irxu lpphgldwh ghwhuplqdqwv ri sulfh ljqrudqfh1 Wkh uhdvrq lv vlpso| wkdw glvwdqfh

d�hfwv ydulrxv frvwv dvvrfldwhg zlwk vhdufk1 Lq prvw vhdufk prghov/ vd| iru h{dpsoh Gldprqg

+4<;5,/ glvwdqfh ehwzhhq djhqwv ru xqlwv lpsolhv d �{hg frvw ri pdnlqj dqrwkhu gudz lq wkh

glvwulexwlrq1 Lq rwkhu zrugv/ d vsdwldo glvshuvlrq ri djhqwv fuhdwhv pruh iulfwlrqv dqg wkxv

pruh xqhpsor|phqw1 Frqyhqwlrqdo oderu hfrqrplfv idfhv gl!fxowlhv wr wklqn derxw wkhvh

vsdwldo gl�huhqfhv ehfdxvh lw lv eldvhg wrzdugv wkh qrwlrq ri d vsdfhohvv pdunhwsodfh uxohg e|

wkh zdoudvldq dxfwlrqhhu1

Wklv lv d zhdnqhvv ri wkh dqdo|vlv vlqfh hpslulfdo hylghqfh vxssruw wkh lghd ri d fohdu

vsdwldo glphqvlrq ri wkh oderu pdunhwv +vhh iru h{dpsoh wkh uhfhqw vxuyh| ri Fudpswrq/

4<<<,1 Wkhuh duh lq idfw vhyhudo fkdqqhov wkurxjk zklfk vsdfh d�hfwv wkh oderu pdunhw1

Iluvw/ zrunhuv zkr olyh ixuwkhu dzd| iurp mrev pd| kdyh srruhu oderu pdunhw lqirupdwlrq

dqg eh ohvv surgxfwlyh wkdq wkrvh olylqj forvhu wr mrev +Vhdwhu/ 4<:<,1 Wklv lv sduwlfxoduo|

wuxh iru |rxqjhu dqg2ru ohvv0vnloohg zrunhuv zkr uho| khdylo| rq lqirupdo vhdufk phwkrgv iru

rewdlqlqj hpsor|phqw +Kro}hu/ 4<;:,14 Wkh uholdqfh rq wkhvh lqirupdo phwkrgv ri mre vhdufk

vxjjhvwv wkdw lqirupdwlrq rq dydlodeoh mre rssruwxqlwlhv pd| ghfd| udslgo| zlwk wkh glvwdqfh

iurp krph +Lkodqihogw dqg Vmrtxlvw/ 4<<3,1 Vhfrqg/ glvwdqfh dovr lpsolhv kljkhu frppxwlqj

frvwv iru wkh xqhpsor|hg/ zklfk gluhfwo| d�hfwv wkh vhdufk surfhvv +Ydq Rpphuhq hw do1/

4<<:,1 Wklug/ zrunhuv uhvlglqj wrr idu dzd| iurp mrev pd| txlw wkhlu mre pruh iuhtxhqwo|

ehfdxvh ri wrr orqj frppxwlqj glvwdqfhv +]d{ dqg Ndlq 4<<9,1 Ilqdoo|/ hpsor|huv pd|

glvfulplqdwh djdlqvw dssolfdqwv olylqj lq uhprwh duhdv +]hqrx dqg Erffdug/ 5333,1 Dv d

uhvxow lw lv frpprqo| revhuyhg wkdw xqhpsor|phqw udwhv gl�hu vwurqjo| dfurvv dv zhoo dv

zlwklq orfdo oderu pdunhwv +vhh h1j1 Eodqfk rzhu dqg Rvzdog/ 4<<7/ Pduwvrq/ 4<;8/ Wrsd/

5333,1

Wkh lqwhudfwlrq ehwzhhq vsdfh dqg oderu pdunhwv lv wkxv frpsoh{1 Wkh dlp ri rxu sdshu

lv wr fdswxuh vrph ri wkh skhqrphqrqv dw zrun dqg/ lq sduwlfxodu/ wr dffrxqw iru wkh vsdwldo

4Lq Kro}hu +4<;;,/ lw lv vkrzq wkdw dprqj 49056 |hduv rog zrunhuv zkr uhsruwhg mre dffhswdqfh/ 99( xvhg

lqirupdo vhdufk fkdqqhov +63( gluhfw dssolfdwlrq zlwkrxw uhihuudo dqg 69( iulhqgv2uhodwlyhv,/ zkloh rqo| 44(

xvlqj vwdwh djhqflhv dqg 43( qhzvsdshuv1
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glphqvlrq ri vhdufk1 Zh kdyh wzr txhvwlrqv lq plqg= grhv wkh h!flhqf| uhvxowv ri ghfhq0

wudol}hg vhdufk htxloleuld +Oxfdv dqg Suhvfrww 4<:7/ Prhq 4<<:, vwloo krog zkhq wkh vsdwldo

glvshuvlrq ri djhqwv fuhdwhv iulfwlrqvB Dqg grhv wkh vhdufk htxloleulxp vwurqjo| ghshqgv rq

wkhvh vsdwldo whupvB Rxu dqvzhuv duh |hv dqg |hv1

Lq rxu dssurdfk/ wkh doorfdwlrq ri mrev dqg zrunhuv lv d wlph0frqvxplqj surfhvv dqg wkh

qxpehu ri pdwfkhv shu xqlw ri wlph ehwzhhq zrunhuv dqg rshq ydfdqflhv lv uhsuhvhqwhg e|

dq djjuhjdwh pdwfklqj ixqfwlrq +ã od Gldprqg0Pruwhqvhq0Slvvdulghv,1 Hyhq li �upv sd|

zrunhuv wkhlu uhvhuydwlrq zdjh/ wkhuh lv vwloo d ohyho ri gxudeoh xqhpsor|phqw lq wkh duhd

+gxh wr vwrfkdvwlf udwlrqlqj qrw ehlqj holplqdwhg e| sulfh dgmxvwphqw,1 Krzhyhu/ lq wklv

olqh ri vhdufk prghov/ wkh vsdwldo glphqvlrq lv riwhq lpsolflw1 Khuh/ zh h{solflwo| lqwurgxfh

lw e| frqvlghulqj wkdw wkh glvwdqfh ehwzhhq zrunhuv* uhvlghqwldo orfdwlrqv dqg mrev sod|v

dq dgyhuvh uroh lq wkh irupdwlrq ri d pdwfk1 Lq wklv uhvshfw/ rxu prgho fdq eh ylhzhg dv d

qdwxudo h{whqvlrq ri wkh vwdqgdugpdwfklqj prgho1 Wkh odqg pdunhw zloo eh nhsw udwkhu vlpsoh

lq rughu wr surylgh forvhg0irup vroxwlrqv1 Zh frqvlghu d forvhg slhfh ri odqg +wkdw fdq eh

wkrxjkw dv dq xuedq duhd/ d flw|/ dq djjorphudwlrq ru d uhjlrq,1 Wklv duhd lv prqrfhqwulf/ l1h1/

�upv duh h{rjhqrxvo| orfdwhg lq dq hpsor|phqw fhqwhu dqg zrunhuv frqvxph lqhodvwlfdoo| rqh

xqlw ri vsdfh1 Lq rxu dqdo|vlv/ orfdo idfwruv +uhqwdo sulfh/ glvwdqfh wr wkh hpsor|phqw fhqwhu,

dqg joredo idfwruv +oderu pdunhw wljkwqhvv/ zdjhv, lq xhqfh zrunhuv* orfdwlrq ghflvlrqv/ l1h1

wkh odqg pdunhw htxloleulxp1 Zlwklq wklv iudphzrun/ zh fdq kdyh gl�huhqw odqg pdunhw

htxloleuld1 Zh rqo| irfxv khuh rq wkh htxloleulxp lq zklfk wkh xqhpsor|hg uhvlgh ixuwkhu

dzd| iurp wkh hpsor|phqw fhqwhu1

Zh wkhq ghulyh wkh oderu pdunhw htxloleulxp lq zklfk vsdwldo xqhpsor|phqw lv gxh wr

iulfwlrqv lq wkh oderu pdunhw1 Rq wkh rqh kdqg/ wkh odqg pdunhw htxloleulxp ghshqgv rq

djjuhjdwh yduldeohv +vxfk dv zdjhv dqg oderu pdunhw wljkwqhvv, vlqfh wkhvh yduldeohv d�hfw or0

fdwlrq fkrlfhv ri zrunhuv1 Rq wkh rwkhu kdqg/ wkh oderu pdunhw htxloleulxp fuxfldoo| ghshqgv

rq wkh odqg pdunhw htxloleulxp frq�jxudwlrq1 Lqghhg/ wkh h!flhqf| ri djjuhjdwh pdwfklqj

ghshqgv rq wkh dyhudjh orfdwlrq ri wkh xqhpsor|hg1

Lq wklv frqwh{w/ zh vkrz wkdw wkhuh h{lvwv d xqltxh dqg vwdeoh pdunhw htxloleulxp lq

zklfk erwk odqg dqg oderu pdunhwv duh vroyhg iru vlpxowdqhrxvo|1 Zkhq frpsdulqj wklv

ghfhqwudol}hg htxloleulxp wr d vrfldo sodqqhu*v rswlpxp/ zh �qg wkdw glvwruwlrqv +vxeyhq0

wlrqv ru lpshuihfw frpshwlwlrq lq wkh wudqvsruw pdunhw, prgli| wkh xvxdo Krvlrv h!flhqf|

frqglwlrq1 Lqghhg/ wkh vrfldo sodqqhu qhhgv wr dgmxvw wkh wudqvsruwdwlrq vshqglqj ri wkh gh0
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fhqwudol}hg htxloleulxp1 Jlyhq gl�huhqfhv lq frppxwlqj frvwv ehwzhhq wkh hpsor|hg dqg wkh

xqhpsor|hg/ wklv lv uhdol}hg e| d fkdqjh lq wkh iudfwlrq ri xqhpsor|hg zrunhuv= wkh vrfldoo|

rswlpdo qxpehu ri xqhpsor|hg zrunhuv ghshqgv erwk ri pdwfklqj h{whuqdolwlhv dqg rq glv0

wruwlrqv lq wkh wudqvsruw pdunhw1 Lq devhqfh ri wkhvh glvwruwlrqv dqg ghvslwh vsdwldo whupv

lq zdjhv/ wkh vwdqgdug frqglwlrq krogv= d vsdwldo h!flhqw htxloleulxp ã od Prhq +4<<:, pd|

wkxv rffxu1

Zh wkhq vkrz wkdw vsdfh kdv vwloo dq lpsruwdqw uroh rq wkh lqwhudfwlrq ehwzhhq odqg dqg

oderu pdunhwv1 Zh qrwdeo| ghfrpsrvh wkh htxloleulxp xqhpsor|phqw udwh lqwr wzr sduwv= d

sxuh qrq0vsdwldo rqh +zklfk fruuhvsrqgv wr wkh vwdqgdug pdwfklqj prgho, dqg d pl{hg ri

qrq0vsdwldo dqg vsdwldo hohphqwv/ wkh �uvw hohphqw dpsoli|lqj wkh rwkhu rqh1 Lq rwkhu zrugv/

vsdfh dggv wr vhdufk iulfwlrqv lq wkh oderu pdunhw e| pdnlqj wkh dffhvv wr mrev pruh gl!fxow1

Wkh uhpdlqghu ri wkh sdshu lv rujdql}hg dv iroorzv1 Wkh qh{w vhfwlrq suhvhqwv wkh prgho

dqg lwv qrwdwlrqv1 Lq vhfwlrq 6/ zh ghulyh wkh htxloleulxp odqg pdunhw frq�jxudwlrq1 Wkh

oderu pdunhw htxloleulxp lv wkhq vwxglhg lq vhfwlrq 71 Vhfwlrq 8 ghulyhv wkh zhoiduh dqdo|vlv1

Vhfwlrq 9 vkrzv wkh gl�huhqw urohv ri vsdfh lq wkh ghwhuplqdwlrq ri htxloleulxp xqhpsor|phqw1

Ilqdoo|/ vhfwlrq : frqfoxghv1

5 Wkh prgho dqg jhqhudo qrwdwlrqv

Ilupv dqg zrunhuv duh doo +h{ dqwh, lghqwlfdo1 D �up lv d xqlw ri surgxfwlrq wkdw fdq hlwkhu eh

�oohg e| d zrunhu zkrvh surgxfwlrq lv | xqlwv ri rxwsxw ru eh xq�oohg dqg wkxv xqsurgxfwlyh1

Lq rughu wr �qg d zrunhu/ d �up srvwv d ydfdqf| wkdw fdq eh �oohg dffruglqj wr d udqgrp

Srlvvrq surfhvv1 Vlploduo|/ zrunhuv vhdufklqj iru d mre zloo �qg rqh dffruglqj wr d udqgrp

Srlvvrq surfhvv1 Lq djjuhjdwh/ wkhvh surfhvvhv lpso| wkdw wkhuh lv d qxpehu ri frqwdfwv shu

xqlw ri wlph ehwzhhq wkh wzr vlghv ri wkh pdunhw wkdw zh dvvxph wr eh ghwhuplqhg e| wkh

iroorzlqj pdwfklqj ixqfwlrq=

{+vX>Y , +4,

zkhuh v lv wkh dyhudjh h!flhqf| ri vhdufk ri wkh xqhpsor|hg zrunhuv +d zrunhu l kdv dq

h!flhqf| ri vhdufk htxdo wr v�,/ dqg X dqg Y ghqrwh wkh qxpehu ri xqhpsor|hg zrunhuv dqg

ydfdqflhv uhvshfwlyho|1 Vlqfh v uhsuhvhqwv wkh djjuhjdwh vhdufk iulfwlrqv/ lw lv dovr dq lqgh{ ri

djjuhjdwh lqirupdwlrq derxw hfrqrplf rssruwxqlwlhv1

Zh dvvxph wkdw {+=, lv lqfuhdvlqj erwk lq lwv dujxphqwv/ frqfdyh dqg krprjhqhrxv ri

ghjuhh 4 +ru htxlydohqwo| kdv frqvwdqw uhwxuq wr vfdoh,1 Lq wklv frqwh{w/ wkh suredelolw| iru d
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ydfdqf| wr eh �oohg shu xqlw ri wlph lv %ErLcT �
T

1 E| frqvwdqw uhwxuq wr vfdoh/ lw fdq eh zulwwhq

dv=

{

�
4

�
> 4

�
� t+�,

zkhuh � @ Y@Xv lv d phdvxuh ri oderu pdunhw wljkwqhvv lq h!flhqf| xqlwv dqg t+�, lv d

Srlvvrq lqwhqvlw|1 E| xvlqj wkh surshuwlhv ri {+=,/ lw lv hdvlo| yhul�hg wkdw t�+�, � 3= wkh

juhdwhu wkh oderu pdunhw wljkwqhvv/ wkh orzhu wkh suredelolw| iru d �up wr �oo d ydfdqf|1 Zh

dvvxph wkdw �upv kdyh qr lpsdfw rq wkhlu rzq vhdufk h!flhqf| dqg frqvlghu v/ X dqg Y dv

jlyhq1 Vlploduo|/ iru d zrunhu l zlwk h!flhqf| v�> wkh suredelolw| ri rewdlqlqj d mre shu xqlw

ri wlph lv=

{+vX>Y ,

X

v�

v
� �t+�,v� � s�

zkhuh s� lv gh�qhg dv wkh lqwhqvlw| ri wkh h{lw udwh iurp xqhpsor|phqw1 Lq frqwudvw wr wkh

vwdqgdug prgho ri mre pdwfklqj +Pruwhqvhq dqg Slvvdulghv/ 4<<</ Slvvdulghv/ 5333, zkhuh

wkhuh lv qr vsdwldo glphqvlrq/ zh pdnh khuh wkh dvvxpswlrq wkdw v� ghshqgv rq wkh orfdwlrq

ri wkh xqhpsor|hg zrunhuv lq wkh flw|= wkh forvhu wkh uhvlghqwldo orfdwlrq wr wkh zrunsodfh/

wkh ehwwhu wkh h!flhqf| dqg wkh pruh olnho| lv d frqwdfw +v� @ v+g�, zkhuh g� lv wkh orfdwlrq

ri wkh zrunhu zlwk v�+g�, ? 3,15 Vxfk d ghshqghqfh ri vhdufk rq glvwdqfh kdv vhyhudo hp0

slulfdo vxssruwv1 Iru lqvwdqfh/ Eduurq dqg Jlooh| +4<;4, dqg Fklulqnr +4<;5, �qg hylghqfhv

ri glplqlvklqj uhwxuqv wr vhdufk zkhq shrsoh olyh idu dzd| iurp mrev1 Urjhuv +4<<:, dovr

ghprqvwudwhv wkdw dffhvv wr hpsor|phqw lv d vljql�fdqw yduldeoh lq h{sodlqlqj wkh suredelolw|

ri ohdylqj xqhpsor|phqw1

Iru dqdo|wlfdo vlpsolflw|/ zh dvvxph wkdw=

v�+g�, @ vf � dg� +5,

zlwk vf A 3 dqg d A 31 Lq wklv irupxodwlrq/ vf ghqrwhv wkh vwdqgdug qrq0vsdwldo vhdufk h�ruw

vxfk dv zulwlqj ohwwhuv/ ex|lqj qhzvsdshuv 111 zkloh d uhsuhvhqwv wkh orvv ri lqirupdwlrq shu

xqlw ri glvwdqfh1 Lq rwkhu zrugv/ zkhq zrunhuv duh ixuwkhu dzd| iurp mrev/ lw lv pruh gl!fxow

iru wkhp wr kdyh lqirupdwlrq derxw mrev wkdq wkrvh zkr duh orfdwhg forvhu wr mrev1 Zkhq

d @ 3/ zh duh edfn wr wkh vwdqgdug qrq0vsdwldo vhdufk prgho1

5Lq vhfwlrq 916/ zh uhod{ wklv dvvxpswlrq exw vkrz wkdw r� dqg _� duh qhjdwlyho| uhodwhg zkhq vhdufk h�ruw

lv d�hfwhg e| frppxwlqj frvwv1
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Rqfh wkh pdwfk lv pdgh/ wkh zdjh lv ghwhuplqhg e| wkh jhqhudol}hg Qdvk edujdlqlqj

vroxwlrq1 Wkhuh lv dovr d suredelolw| � shu xqlw ri wlph wkdw wkh pdwfk lv ghvwur|hg1 Lq rughu wr

ghwhuplqh wkh +jhqhudo, htxloleulxp/ zh zloo surfhhg dv iroorzv1 Zh �uvw ghwhuplqh wkh sduwldo

odqg pdunhw htxloleulxp frq�jxudwlrq1 Wkhq/ ghshqglqj rq wkh orfdwlrq ri zrunhuv dqg

wkxv rq wkh djjuhjdwh vhdufk h!flhqf| v/ zh ghwhuplqh wkh sduwldo oderu pdunhw htxloleulxp1

Khuhdiwhu/ e| oderu +uhvshfwlyho| odqg pdunhw, htxloleulxp/ lw kdv wr eh xqghuvwrrg wkh sduwldo

htxloleulxp1 Wkh jhqhudo htxloleulxp lqyroyhv wzr pdunhwv/ dqg zloo eh ghqrplqdwhg d cpdunhw

htxloleulxp*1

E| ghqrwlqj e| U+g, wkh odqg pdunhw sulfh dw d glvwdqfh g iurp wkh flw|0fhqwhu/ e| z wkh

zdjh hduqhg e| zrunhuv dqg e| x wkh xqhpsor|phqw udwh/ zh kdyh wkh iroorzlqj gh�qlwlrq1

Gh�qlwlrq 4 D pdunhw htxloleulxp +U+g,> z> �> x, lv vxfk wkdw wkh odqg xvh htxloleulxp dqg

wkh oderu pdunhw htxloleulxp duh vroyhg iru vlpxowdqhrxvo|1

Wkxv/ d pdunhw htxloleulxp uhtxluhv vroylqj vlpxowdqhrxvo| wzr sureohpv=

+l, d orfdwlrq dqg uhqwdo sulfh rxwfrph wkdw ghwhuplqhv U+g, +uhihuuhg wr dv dq xuedq odqg

xvh htxloleulxp,/ dqg

+ll, d +vwhdg| vwdwh, pdwfklqj htxloleulxp wkdw ghwhuplqhv z> � dqg x +uhihuuhg wr dv d

oderu pdunhw htxloleulxp,1

Zh zloo jlyh ehorz pruh suhflvh gh�qlwlrqv ri wkhvh wzr pdunhwv1

6 Wkh htxloleulxp odqg pdunhw frq�jxudwlrq

Wkh duhd lv prqrfhqwulf/ l1h1/ doo �upv duh dvvxphg wr eh h{rjhqrxvo| orfdwhg lq wkh hpsor|0

phqw fhqwhu1 Lw lv olqhdu/ forvhg dqg odqgorugv duh devhqw16 Wkhuh lv d frqwlqxxp ri zrunhuv

xqlirupo| glvwulexwhg dorqj wkh olqhdu slhfh ri odqg zkr ghflgh wkhlu rswlpdo uhvlghqfh eh0

wzhhq wkh hpsor|phqw fhqwhu dqg wkh iulqjh1 Wkh| doo frqvxph wkh vdph dprxqw ri odqg

+qrupdol}hg wr 4, dqg wkh ghqvlw| ri uhvlghqwldo odqg sdufhov lv wdnhq wr eh xqlw| vr wkdw wkhuh

duh h{dfwo| g xqlwv ri krxvlqj zlwklq d glvwdqfh g ri wkh hpsor|phqw fhqwhu1

Wkh hpsor|hg zrunhuv jr wr wkh hpsor|phqw fhqwhu wr zrun zkloh wkh xqhpsor|hg zrunhuv

jr wr wkh hpsor|phqw fhqwhu wr eh lqwhuylhzhg1 Ohw xv ghqrwh e| weg dqg w�g wkh wudqvsruwd0

wlrq frvw dw d glvwdqfh g iurp wkh hpsor|phqw fhqwhu iru uhvshfwlyho| zrunlqj dfwlylwlhv dqg

6Doo wkhvh dvvxpswlrqv duh yhu| vwdqgdug lq xuedq hfrqrplfv +vhh h1j1 Euxhfnqhu/ 4<;: ru Ixmlwd/ 4<;<,1

Wkh h{whqvlrq wr d flufxodu v|pphwulf duhd lv vwudljkwiruzdug vlqfh dq| ud| wkurxjk wkh fhqwhu orrnv olnh dq|

rwkhu ud|1 H{dplqlqj d vlqjoh ud| lv doprvw wkh vdph dv orrnlqj dw wkh zkroh duhd1

9



xqhpsor|hg vshfl�f dfwlylwlhv +lqwhuylhzv/ uhjlvwudwlrq,/ zlwk we A 3 dqg w� A 31 Doo zrun0

huv ehdu odqg uhqw frvwv dw wkh pdunhw sulfh U+g, dqg uhfhlyh d zdjh z zkhq hpsor|hg dqg

xqhpsor|phqw ehqh�wv e li xqhpsor|hg1 Zh ghqrwh e| L� dqg Le wkh h{shfwhg glvfrxqwhg olih0

wlph qhw lqfrph ri wkh xqhpsor|hg dqg wkh hpsor|hg uhvshfwlyho|1 Zh dvvxph wkdw orfdwlrq

fkdqjhv duh frvwohvv1 Zlwk wkh Srlvvrq suredelolwlhv gh�qhg deryh/ lq�qlwho|0olyhg zrunhuv

kdyh wkh iroorzlqj lqwhuwhpsrudo xwlolw| ixqfwlrqv=

uL�+g, @ e� w�g�U+g, . s+g,

��
pd{
_�

Le+g
�,

�
� L�+g,

�
+6,

uLe+g, @ z � weg�U+g, . �

��
pd{
_�

L�+g
�,

�
� Le+g,

�
+7,

zkhuh u lv wkh h{rjhqrxv glvfrxqw udwh1 Ohw xv frpphqw +6,1 Zkhq d zrunhu lv xqhpsor|hg

wrgd|/ kh2vkh uhvlghv lq g dqg klv2khu qhw lqfrph lv e� w�g�U+g,1 Wkhq/ kh2vkh fdq jhw d

mre zlwk d suredelolw| s+g, dqg li vr/ kh2vkh uhorfdwhv rswlpdoo| lq g� dqg rewdlqv dq lqfuhdvh

lq lqfrph ri Le+g�,� L�+g,1 Wkh lqwhusuhwdwlrq ri +7, lv vlplodu1

Gxh wr wkh devhqfh ri uhorfdwlrq frvwv/ wkh htxloleulxp lv vxfk wkdw doo wkh xqhpsor|hg

hqmr| wkh vdph ohyho ri xwlolw| uL� @ uL� dv zhoo dv wkh hpsor|hg uLe @ uLe1 Lqghhg/ dq| xwlolw|

gl�huhqwldo zlwklq wkh duhd zrxog ohdg wr wkh uhorfdwlrq ri vrph zrunhuv xs wr wkh srlqw zkhuh

gl�huhqfhv lq xwlolw| glvdsshdu1 Zh wkxv qhhg wr irupdoo| ghulyh wkh rswlpdo orfdwlrq ri doo

zrunhuv lq wkh duhd1 Wkh vwdqgdug zd| ri grlqj lw lq xuedq hfrqrplfv lv wr xvh wkh frqfhsw

ri elg uhqwv +Ixmlwd/ 4<;<, zklfk duh gh�qhg dv wkh pd{lpxp odqg uhqw dw d glvwdqfh g wkdw

hdfk w|sh ri zrunhu lv uhdg| wr sd| lq rughu wr uhdfk klv2khu uhvshfwlyh htxloleulxp xwlolw|

ohyho1 Wkhuhiruh/ wkh elg uhqwv ri wkh xqhpsor|hg dqg hpsor|hg duh uhvshfwlyho| jlyhq e|=

��+g> L�> Le, @ e� w�g. s+g,Le � ^u . s+g,` L� +8,

�e+g> L�> Le, @ z � weg. �L� � +u . �,Le +9,

Li gs ghqrwhv wkh duhd iulqjh/ zh kdyh wkh iroorzlqj gh�qlwlrq=

Gh�qlwlrq 5 Wkh odqg xvh htxloleulxp U+g, lv wkh xsshu hqyhors ri doo zrunhuv* elg uhqwv

dqg ri wkh djulfxowxudo odqg uhqw U�/ l1h1/

U+g, @ pd{
�
��+g> L�> Le,>�e+g> L�> Le,>U�

�
dw hdfk g 5 ^3> gs `

:



Lq rughu wr dqdo|}h wkh orfdwlrq ri wkh xqhpsor|hg dqg hpsor|hg zrunhuv lq wkh duhd/ zh

qhhg wr fdofxodwh wkh vorshv ri wkhlu elg uhqwv1 Wkh olqhdu irupxodwlrq ri v+g, jlyhq e| +5,

lpsolhv wkdw s��+g, @ 3 dqg wkxv wkdw wkh elg uhqwv duh olqhdu/ l1h1 Y2[�E_cU� cUe�
Y_2

@ Y2[eE_cU�cUe�
Y_2

@

31 Lq wklv frqwh{w/ d vwhhshu elg uhqw lpsolhv d orfdwlrq forvhu wr wkh hpsor|phqw fhqwhu1 Zh

kdyh=

C��+g> L�> Le,

Cg
@ �w� . s�+g,+Le � L�, ? 3 +:,

C�e+g> L�> Le,

Cg
@ �we ? 3 +;,

zkhuh s�+g, @ �t+�,v�+g, ? 31 Wkhvh vorshv +lq devroxwh ydoxhv, fdq eh lqwhusuhwhg dv wkh

pdujlqdo frvw wkdw d zrunhu lv uhdg| wr sd| lq rughu wr eh pdujlqdoo| forvhu wr wkh hpsor|phqw

fhqwhu17 Rq wkh rqh kdqg/ wkh pdujlqdo frvw ri wkh xqhpsor|hg lv wkh vxp ri wkh pdujlqdo

frppxwlqj frvw/ w�/ dqg wkh pdujlqdo suredelolw| ri �qglqj d mre wlphv wkh +lqwhuwhpsrudo,

vxusoxv ri ehlqj hpsor|hg1 Rq wkh rwkhu kdqg/ wkh hpsor|hg zrunhuv ehdu rqo| pdujlqdo

frppxwlqj frvwv htxdo wr we vlqfh wkh suredelolw| ri orvlqj d mre � lv wrwdoo| h{rjhqrxv dqg

grhv qrw ghshqg rq wkh orfdwlrq ri zrunhuv1

Ghshqglqj rq wkh uhodwlyh vorshv/ rqo| wzr odqg pdunhw htxloleuld duh srvvleoh= hlwkhu

wkh xqhpsor|hg uhvlgh lq wkh ylflqlw| ri wkh hpsor|phqw fhqwhu dqg wkh hpsor|hg dw wkh

rxwvnluwv ri wkh duhd ru wkh xqhpsor|hg orfdwh dw wkh rxwvnluwv ri wkh duhd dqg wkh hpsor|hg

forvh wr wkh fhqwhu1 Lq wklv sdshu/ zh irfxv rqo| rq wkh htxloleulxp zkhuh wkh xqhpsor|hg

duh idu dzd| iurp mrev= zh zdqw wr vkrz krz wkh vsdwldo dffhvv wr mrev pdwwhuv iru wkh oderu

pdunhw rxwfrphv ri zrunhuv/ zlwkrxw qhhglqj wkh h{sorudwlrq ri doo odqg pdunhw htxloleuld1

Wkh frqglwlrq iru wklv htxloleulxp rffxuv li wkdw wkh vorsh ri wkh elg uhqw ri wkh hpsor|hg

h{fhhgv wkdw ri wkh xqhpsor|hg/ wkdw lv=8

we � w� A � t+�,d+Le � L�, +<,

Wklv lv txlwh lqwxlwlyh= iru wkh hpsor|hg wr rffxs| wkh fruh ri wkh duhd/ lw pxvw eh wkdw

wkh| elg dzd| wkh xqhpsor|hg1 Wklv frqglwlrq vwdwhv wkdw wkh gl�huhqwldo lq frppxwlqj frvwv

7Zh dvvxph wkdw wkh lqwhuvhfwlrq ri wkh vorshv ri wkh wzr elg uhqwv lv ri }hur phdvxuh vr wkdw zh h{foxgh

pl{hg frq�jxudwlrqv zkhuh erwk hpsor|hg dqg xqhpsor|hg duh orfdwhg lq wkh vdph sodfh1 Zh rqo| frqvlghu

vhsdudwhg frq�jxudwlrqv zkhuh rqo| rqh fdwhjru| ri zrunhuv orfdwh zlwklq wkh vdph vhjphqw1
8Zkhq wklv frqglwlrq grhv qrw krog/ zh kdyh dqrwkhu htxloleulxp lq zklfk wkh xqhpsor|hg uhvlgh forvh wr

mrev1 Wkh surshuwlhv ri wklv htxloleulxp duh hdv| wr ghulyh1 Wkh| duh vlplodu wr wkh rqh ghyhorshg khuh lq

doprvw doo uhvshfwv1

;



ehwzhhq wkh hpsor|hg dqg wkh xqhpsor|hg pxvw eh kljkhu wkdq wkh h{shfwhg uhwxuq iru wkh

xqhpsor|hg ri ehlqj pruh h!flhqw lq vhdufk e| ehlqj pdujlqdoo| forvhu wr wkh fhqwhu1 Vr/

wkh uhvxowlqj htxloleulxp lv ghwhuplqhg e| d wudgh0r� ehwzhhq wkh gl�huhqfh lq frppxwlqj

frvwv/ we � w�> dqg wkh pdujlqdo suredelolw| ri �qglqj d mre1

E| xvlqj Gh�qlwlrq 5 dqg +<,/ zh duh qrz deoh wr gh�qh irupdoo| wkh odqg xvh htxloleulxp1

Iru vlpsolflw|/ zh qrupdol}h wkh oderu irufh O wr 4/ l1h1 O @ X .Q @ 4 +Q lv wkh qxpehu

ri hpsor|hg zrunhuv, vr wkdw wkh xqhpsor|phqw udwh x lv htxdo wr wkh xqhpsor|phqw ohyho

X 1 Li zh ghqrwh wkh erughu ehwzhhq wkh xqhpsor|hg dqg wkh hpsor|hg e| gK/ zh kdyh wkh

iroorzlqj gh�qlwlrq=

Gh�qlwlrq 6 Wkh odqg pdunhw htxloleulxp +L�> Le> gK> gs , lv vxfk wkdw=

gK @ 4� x +43,

gs @ 4 +44,

�e+gK> L�> Le, @ ��+gK> L�> Le, +45,

��+gs > L�> Le, @ U� +46,

Wklv htxloleulxp lv looxvwudwhg lq Iljxuh 41 Wkh wzr �uvw htxdwlrqv duh wkh vwdqgdug

srsxodwlrq frqvwudlqwv zkhq ghqvlw| dqg krxvlqj frqvxpswlrq lv htxdo wr 4 hyhu|zkhuh lq

wkh duhd1 Htxdwlrqv +45, dqg +46, jxdudqwhh wkdw wkh odqg uhqw lv frqwlqxrxv hyhu|zkhuh lq

wkh duhd1 E| xvlqj +8,/ +9,/ +43, dqg uhsodflqj wkhp lq +45, dqg +46,/ zh rewdlq=

Le � L� @
z � e� +we � w�,gK

u . � . s+gK,
+47,

zkhuh z>x> � zloo eh ghwhuplqhg dw wkh oderu pdunhw htxloleulxp dqg s+gK, @ ^vf � d+4� x,` �t+�,1

Wkh dyhudjh h!flhqf| lqwhqvlw| lv htxdo wr=

v @ vf � dg @ vf � d+4�
x

5
, +48,

^Lqvhuw Iljxuh 4 khuh`

<



7 Wkh pdunhw htxloleulxp

Jlyhq rxu odqg pdunhw htxloleulxp/ zh fdq qrz gh�qh wkh pdunhw htxloleulxp dqg wkhq/ vroyh

wkh jhqhudo sureohp1 Ohw xv �uvw kdyh wkh iroorzlqj gh�qlwlrq ri d oderu pdunhw htxloleulxp=

Gh�qlwlrq 7 D +vwhdg|0vwdwh, oderu pdunhw htxloleulxp +z> �> x, lv vxfk wkdw/ jlyhq wkh pdwfk0

lqj whfkqrorj| gh�qhg e| +4,/ doo djhqwv +zrunhuv dqg �upv, pd{lpl}h wkhlu uhvshfwlyh remhf0

wlyh ixqfwlrq/ l1h1 wklv wulsoh lv ghwhuplqhg e| d iuhh0hqwu| frqglwlrq iru �upv/ d zdjh0vhwwlqj

phfkdqlvp dqg d vwhdg|0vwdwh frqglwlrq1

714 Iuhh0hqwu| frqglwlrq dqg oderu ghpdqg

Ohw xv ghqrwh e| La dqg LT wkh lqwhuwhpsrudo sur�w ri d mre dqg ri d ydfdqf|/ uhvshfwlyho|1

Li � lv wkh vhdufk frvw iru wkh �up shu xqlw ri wlph dqg | lv wkh surgxfw ri wkh pdwfk/ wkhq

La dqg LT fdq eh zulwwhq dv=

uLa @ | �z . �+LT � La , +49,

uLT @ �� . t+�,+La � LT , +4:,

Iroorzlqj Slvvdulghv +5333,/ zh dvvxph wkdw �upv srvw ydfdqflhv xs wr d srlqw zkhuh=

LT @ 3 +4;,

zklfk lv d iuhh hqwu| frqglwlrq1 Iurp wklv iuhh hqwu| frqglwlrq/ zh kdyh wkh iroorzlqj ghfuhdv0

lqj uhodwlrq ehwzhhq oderu pdunhw wljkwqhvv dqg zdjhv=

�

t+�,
@

| �z

u . �
+4<,

Lq zrugv/ wkh ydoxh ri d mre lv htxdo wr wkh h{shfwhg vhdufk frvw/ l1h1 wkh frvw shu xqlw ri wlph

pxowlsolhg e| wkh dyhudjh gxudwlrq ri vhdufk iru wkh �up1

Htxdwlrq +4<, gh�qhv lq wkh vsdfh +�>z, d fxuyh uhsuhvhqwlqj wkh vxsso| ri ydfdqflhv

+zklfk lv dovr d oderu ghpdqg fxuyh O_,1 Wkh O_ fxuyh +4<, lv lqghshqghqw ri gK dqg lv

grzqzdug vorslqj lq wkh sodqh +�> z,1 Ehfdxvh zdjhv duh hqgrjhqrxv/ wkh h�hfw ri glvwdqfh

rq wkh htxloleulxp xqhpsor|phqw zloo qrwdeo| dsshdu wkurxjk frppxwlqj frvwv wkdw d�hfw

zdjhv1 Ohw xv qrz ghwhuplqh wkh hqgrjhqrxv ohyho ri zdjhv lq wkh hfrqrp|1

43



715 Zdjh ghwhuplqdwlrq

Wkh xvxdo dvvxpswlrq derxw zdjh ghwhuplqdwlrq lv wkdw/ dw hdfk shulrg/ wkh wrwdo lqwhuwhp0

srudo vxusoxv lv vkduhg wkurxjk d jhqhudol}hg Qdvk0edujdlqlqj surfhvv ehwzhhq �upv dqg

zrunhuv1 Wkh wrwdo vxusoxv lv wkh vxp ri wkh vxusoxv ri wkh zrunhuv/ Le � L�> dqg wkh vxusoxv

ri wkh �upv1 Dw hdfk shulrg/ wkh zdjh lv ghwhuplqhg e| =

z @ Dujpd{+Le � L�,
q+La � LT ,

�3q

Revhuyh wkdw L�/ wkh wkuhdw srlqw iru wkh zrunhu/ grhv qrw ghshqg rq wkh fxuuhqw orfdwlrq

ri wkh zrunhu vlqfh wkh odwwhu uhorfdwhv li wkhuh lv d wudqvlwlrq lq klv2khu hpsor|phqw vwdwxv1

Vlqfh wkh zdjh lv qhjrwldwhg dw hdfk shulrg/ L� grhv qrw ghshqg rq wkh fxuuhqw z dqg vr

YU�
Y�

@ 31 Iluvw rughu frqglwlrq wkhq |lhogv=

+Le � L�,+z, @
�

4� �

�

t+�,
+53,

E| xvlqj +7, dqg +4;,/ zh kdyh=

z @ +4� �,
�
L� . +we � w�,gK

�
. �| +54,

Qrz/ xvlqj +53,/ zh uhsodfh L� e| lwv ydoxh dqg �qdoo| rewdlq=

z @ +4� �, ^e. +we � w�,gK` . � ^| . +vf � dgK,� �` +55,

zkhuh gK @ 4 � x1 Zh wkxv kdyh dq h{suhvvlrq iru zdjhv wkdw frpelqhv xvxdo qrq0vsdwldo

h�hfwv zlwk dgglwlrqdo vsdwldo h�hfwv1 Wkh iruphu duh jlyhq e| +4 � �,e . � ^| . vf� �` dqg

fruuhvsrqg wr wkh xvxdo Qdvk0edujdlqlqj vroxwlrq lq Slvvdulghv +4<<3,= zrunhuv uhfhlyh d vkduh

� ri wkh vxusoxv h{suhvvhg dv d zhljkwhg dyhudjh ri wkh pdujlqdo surgxfw ri oderu dqg ri d

whup wkdw sduwo| uh hfwv wkh rxwvlgh rswlrq ri zrunhuv1 Wklv rxwvlgh rswlrq lv kljkhu zkhq

vhdufk h!flhqf| lv kljkhu dqg wkh wljkwqhvv ri wkh oderu pdunhu lv kljkhu1 Wkh dgglwlrqdo

+vsdwldo, sduw frqwdlqv �uvw +4��,+we� w�,gK/ l1h1 d sxuh vsdwldo whup= wklv lv zkdw �upv pxvw

sd| wr vkduh wkh frvwv lqfxuuhg e| wkh zrunhuv1 Wkhvh frvwv dsshdu dv wkh gl�huhqfh ehwzhhq

wkh hpsor|hg dqg wkh xqhpsor|hg ri wkh frvw ri wkh pdujlqdo zrunhu zkr lv wkh ixuwkhvw dzd|

iurp wkh hpsor|phqw fhqwhu/ l1h1 orfdwhg dw gK @ 4� x +dw wkh srlqw lq vsdfh zkhuh wkh uhqw

gl�huhqfh ehwzhhq dq hpsor|hg dqg dq xqhpsor|hg djhqw ydqlvkhv,1 Wklv lv uhihuuhg wr dv wkh

frpshqvdwlrq h�hfw19 Wkh vhfrqg sduw ri wkh dgglwlrqdo whup lv ��dgK��1 Lw lqyroyhv erwk

9Vhh Vplwk dqg ]hqrx +4<<:, iru d vlplodu h�hfw lq dq h!flhqf| zdjh iudphzrun1
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vsdwldo dqg oderu hohphqwv1 Lqghhg/ zkhq gK lqfuhdvhv/ wkh xqhpsor|hg zrunhu zkr lv wkh

forvhvw iurp mrev +wkh rqh vlwxdwhg dw gK @ 4 � x, lv hyhq ohvv forvh wr mrev +vsdwldo hohphqw,

dqg wkxv kdv d orzhu vhdufk h!flhqf| +oderu hohphqw,1 Wkh hpsor|hg zrunhuv* rxwvlgh rswlrq

wkhq ghfuhdvh/ zklfk lpsolhv d uhgxfwlrq lq zdjhv1 Wklv lv uhihuuhg wr dv wkh vsdwldo rxwvlgh

rswlrq h�hfw1

Xvlqj z dqg �/ wkh frqglwlrq +<, wkdw hqvxuhv wkdw wkh odqg pdunhw htxloleulxp dozd|v

h{lvwv dqg lv xqltxh fdq eh uhzulwwhq dv +vhh Ohppd D4 lq wkh Dsshqgl{,=:

� ? o @
4� �

� d �
+we � w�, +56,

Wkh lqwxlwlrq ri wklv frqglwlrq lv vwudljkwiruzdug= zkhq wkh gl�huhqfh lq frppxwlqj frvwv/

we � w�/ lv odujh dqg2ru zkhq wkh orvv ri lqirupdwlrq shu xqlw ri glvwdqfh/ d/ lv vpdoo dqg2ru

wkh vhdufk frvw ri �upv/ �/ lv vpdoo/ dqg2ru wkh zrunhuv* edujdlqlqj vwuhqjwk/ �/ lv orz/ wkhq

wkh hpsor|hg elg dzd| wkh xqhpsor|hg dw wkh shulskhu| ri wkh flw|1

Zlwk wklv frqglwlrq/ zh fdq frpphqw ixuwkhu rq wkh zdjh htxdwlrq1 Rqh fdq qrwlfh wkdw/

dw frqvwdqw �/

Cz

Cx
@ �+4� �,+we � w�, . � d� � +57,

Wkh ryhudoo qhw h�hfw lv wkxv dpeljxrxv1 Krzhyhu/ wkh frqglwlrq +56, lpsolhv wkdw Y�

Y�
? 31 Zh

wkxv kdyh d qhjdwlyh uhodwlrqvkls ehwzhhq orfdo zdjhv dqg xqhpsor|phqw1 Wklv lv frqvlvwhqw

zlwk wkh hpslulfdo hylghqfh rq orfdo zdjh fxuyhv e| Eodqfk rzhu dqg Rvzdog +4<<7, dqg

Wrsho +4<;9,1

Ilqdoo|/ frpelqlqj +4<, dqg +55,/ rqh fdq holplqdwh wkh zdjh dqg rewdlq d uhodwlrq ehwzhhq

� dqg x dv iroorzv=

| � e @
�

t+�,

�
� . u. �t+�,v+gK,�

4� �

�
. +we � w�,gK +58,

Xvlqj +56,/ lw lv hdv| wr fkhfn wkdw wklv uhodwlrq lv srvlwlyh1 Ixuwkhupruh/ vlqfh wkh zdjh vhwwlqj

fxuyh ghvfulehg e| +55, lv olqhdu lq � dqg srvlwlyho| vorshg dqg wkh iuhh hqwu| frqglwlrq +4;,

lpsolhv d ghfuhdvlqj uhodwlrq ehwzhhq oderu pdunhw wljkwqhvv dqg zdjhv/ zh wkxv kdyh wzr

xqltxh uhodwlrqv �+x, dqg z+x,1

:Doo ohppdv duh vwdwhg dqg suryhg lq Dsshqgl{ 41
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716 Vwhdg|0vwdwh oderu pdunhw htxloleulxp dqg pdunhw htxloleulxp

Zh fdq qrz forvh wkh prgho e| surylglqj dqrwkhu uhodwlrq ehwzhhq � dqg x1 Zh kdyh wkh

iroorzlqj vwhdg|0vwdwh frqglwlrq rq  rzv=

�t+�,vx @ +4� x,� +59,

zklfk lv htxlydohqw wr=

x @
�

� . �t+�,v
+5:,

Wklv lv d qhjdwlyh uhodwlrq ehwzhhq � dqg x1 Jlyhq htxdwlrq +58,/ wkh h{lvwhqfh dqg xqltxhqhvv

ri � dqg x lv hvwdeolvkhg lq Ohppd D5 +vhh �jxuh 5 iru dq looxvwudwlrq,1 Ghqrwh e| �W dqg xW

wkhvh htxloleulxp ydoxhv/ dqg zW @ z+xW,1 Wr vxppdul}h=

Sursrvlwlrq 4 Zkhq wkh sdudphwhuv duh vxfk wkdw �W ? o/ wkhq/ wkhuh h{lvwv d xqltxh dqg

vwdeoh pdunhw htxloleulxp +U+g,> �W> xW> zW, lq zklfk wkh xqhpsor|hg uhvlgh idu dzd| iurp mrev

dqg wkh hpsor|hg forvh wr mrev1

Wkh pdlq uhvxow khuh lv wkdw wkh htxloleulxp oderu pdunhw wljkwqhvv/ �W pxvw eh orzhu

wkdq d wkuhvkrog ydoxh o +gh�qhg dv d ixqfwlrq ri sdudphwhuv> vhh +56,, iru wkh odqg pdunhw

frq�jxudwlrq ghvfulehg lq Iljxuh 4 wr h{lvw1 Rwkhuzlvh/ zh rewdlq wkh uhyhuvh frq�jxudwlrq

lq zklfk wkh xqhpsor|hg duh forvh wr mrev dqg wkh hpsor|hg idu dzd|1

^Lqvhuw Iljxuh 5 khuh`

Wkhuh lv dqrwkhu pruh lqwxlwlyh zd| ri uhsuhvhqwlqj wkh htxloleulxp= lq wkh x� Y vsdfh1

Dv vwdwhg deryh/ htxdwlrq +4<, ghwhuplqhv d ydoxh ri � @ Y@+xv, wkdw jlyhv d uhodwlrq ehwzhhq

Y dqg x1 Wklv lv dq xszdug vorslqj fxuyh lq wkh x�Y vsdfh fdoohg wkh Y V fxuyh +vhh Ohppd

D6,1 Ixuwkhupruh/ htxdwlrq +59, fdq eh uhzulwwhq dv=

�+4� x,� Y t+Y@xv, @ 3 +5;,

zh rewdlq wkh vr0fdoohg Ehyhulgjh fxuyh XY 1 Lwv surshuwlhv duh jlyhq lq Ohppd D71 Wkh

lqwhuhvwlqj ihdwxuh ri wklv Ehyhulgjh fxuyh lv wkdw lw lv lqgh{hg e| v/ zklfk ghshqgv rq

wkh vsdwldo glvshuvlrq ri wkh xqhpsor|hg= d orzhu v lv dvvrfldwhg zlwk dq rxwzdug vkliw ri

Ehyhulgjh fxuyh lq wkh x � Y vsdfh ehfdxvh pruh ydfdqflhv duh qhhghg wr pdlqwdlq wkh

vwhdg|0vwdwh ohyho ri xqhpsor|phqw1
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8 Zhoiduh dqdo|vlv

Kdylqj ghulyhg wkh htxloleulxp lq hdfk pdunhw/ rqh fdq qrz surfhhg wr wkh zhoiduh dqdo|vlv1

Iru wkdw/ zh qhhg wr gh�qh wkh vwuxfwxuh ri wudqvsruw frvw dqg wr lqwurgxfh d qhz djhqw=

wkh wudqvsruwdwlrq �up +wkdw pd| eh sulydwh ru sxeolf,1 Ohw xv ghqrwh e| fe dqg f� wkh

+h{rjhqrxv, pdujlqdo frvw ri wudqvsruwdwlrq ri uhvshfwlyho| wkh hpsor|hg dqg wkh xqhpsor|hg

dqg e| �4 ? � ? .4 wkh pdun0xs ryhu wkh pdujlqdo frvw1 Zh wkxv kdyh=

we @ +4 . �,fe dqg w� @ +4 . �,f�

Iru vlpsolflw| dqg wr looxvwudwh krz wkh +lq0,h!flhqf| ri wklv hfrqrp| ghshqgv rq �/ zh gr

qrw prgho lwv ghwhuplqdwlrq dqg wkxv wuhdw � dv d sdudphwhu1 Li wudqvsruwdwlrq lv vxevlgl}hg/

wkhq � ? 3 zkhuhdv li wkh wudqvsruwdwlrq �up kdv vrph pdunhw srzhu � A 31 Ilqdoo|/ zkhq

sulfhv duh htxdo wr wkhlu pdujlqdo frvw vr wkdw sur�wv duh htxdo wr }hur/ � @ 31 Lq wklv frqwh{w/

wkh vrfldo zhoiduh iru dq lq�qlwho|0olyhg vrfldo sodqqhu lv jlyhq e| wkh vxp ri wkh xwlolwlhv ri

zrunhuv/ wkh sur�w ri �upv qhw ri vhdufk frvwv/ wkh odqg uhqw ri odqgorugv dqg wkh qhw sur�w

ri wkh wudqvsruwdwlrq �up1 Zh kdyh=

 @

]
n"

f

h3o|
�]

�3�

f

+| � fe{,g{.

]
�

�3�

+e� f�{,g{� ��vx

�
gw

Revhuyh wkdw wkh zdjh z dv zhoo dv wkh odqg uhqw U+{, fdqfho rxw lq wkh vrfldo zhoiduh ixqfwlrq

ehfdxvh wkh| duh sxuh wudqvihuv1 Revhuyh dovr wkdw e lv frqvlghuhg khuh dv wkh ydoxh ri ohlvxuh

iru wkh xqhpsor|hg1 Zh rewdlq wkh iroorzlqj uhvxow1

Sursrvlwlrq 5 Wkh sulydwh dqg wkh vrfldo rxwfrphv frlqflgh rqo| zkhq=

� @ �+�, . � +5<,

zkhuh

� @ �+4� �,+4� �+�,,
t+�,@�

� . u . �t+�,v+gK,
�+fe � f�,gK U 3

zklfk lv wkh vwdqgdug Krvlrv0Slvvdulghv frqglwlrq h{whqghg wr d vsdwldo iudphzrun1

Surri1 Vhh Dsshqgl{ 51

Revhuyh wkdw/ lq jhqhudo/ qrwklqj jxdudqwhhv wkdw wkh sulydwh rxwfrph lv h!flhqw1 Wklv lv

d vwdqgdug uhvxow lq vhdufk wkhru| gxh wr vhdufk h{whuqdolwlhv1 Lq wkh olwhudwxuh/ dq h!flhqw

vhdufk htxloleulxp lv d vlwxdwlrq lq zklfk wkh vwdqgdug Krvlrv frqglwlrq � @ �+�, krogv +vhh
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Krvlrv/ 4<<3/ Prhq/ 4<<:/ Pruwhqvhq dqg Slvvdulghv 4<<</ Slvvdulghv/ 5333/ fk1;,1 Lqghhg/ lq

wkh vsdfhohvv prgho/ zkhq � lv odujhu wkdq �+�,/ wkhuh lv wrr pxfk xqhpsor|phqw/ fuhdwlqj

frqjhvwlrq lq wkh pdwfklqj surfhvv iru wkh xqhpsor|hg1 Zkhq � lv orzhu wkdq �+�,/ wkhuh lv

wrr olwwoh xqhpsor|phqw/ fuhdwlqj frqjhvwlrq iru �upv1

Revhuyh dovr wkdw wkh h{lvwhqfh ri vsdwldo whupv prgl�hv wkh vwdqgdug Krvlrv frqglwlrq1

Khuh/ wkh frqglwlrq � @ �+�, wkdw jxdudqwhhv wkdw wkh pdunhw vroxwlrq lv h!flhqw lq d qrq0

vsdwldo pdwfklqj iudphzrun lv dxjphqwhg e| d whup lqfrusrudwlqj vrph vsdwldo dvshfwv1

Khuhdiwhu/ zh fdoo d vsdwldo h!flhqw vhdufk htxloleulxp d vlwxdwlrq lq zklfk wkh h!flhqf|

frqglwlrq +5<, krogv1 Wr lqwhusuhw wkhvh dgglwlrqdo whupv/ ohw xv �uvw glvfxvv wkh frqglwlrqv

rq sdudphwhuv wkdw prgli| ru ydolgdwh wkh vwdqgdug Krvlrv0Slvvdulghv frqglwlrq1

Fruroodu| 4 H!flhqf| uhtxluhv wkdw=

+l, � ? �+�, zkhq wudqvsruw sulfhv duh deryh wkhlu pdujlqdo frvw/ l1h1 � A 3>

+ll, � A �+�, zkhq wudqvsruw sulfhv duh ehorz wkhlu pdujlqdo frvw/ l1h1 � ? 3>

+lll, � @ �+�, zkhq wudqvsruw sulfhv htxdo wkhlu pdujlqdo frvw/ l1h1 � @ 31

Wkh iroorzlqj frpphqwv duh lq rughu1 Iluvw/ wkh vrfldo sodqqhu fduhv derxw wudqvsruw frvwv

+fe dqg f�, zkhuhdv wkh ghfhqwudol}hg htxloleulxp rqo| lqyroyhv wudqvsruw sulfhv +we dqg w�

idfhg e| zrunhuv,1 Zkhq � @ 3 +fdvh +lll,,/ erwk duh htxdo dqg wkh vrfldo sodqqhu rqo| fduhv

derxw wkh lqwhuqdol}dwlrq ri vhdufk0pdwfklqj h{whuqdolwlhv1 Wklv suhflvho| fruuhvsrqgv wr wkh

h!flhqw vhdufk htxloleulxp1;

Vhfrqg/ li � 9@ 3/ wudqvsruw vshqglqj lq wkh ghfhqwudol}hg htxloleulxp duh qrw rswlpdo1

Qrwdeo|/ zkhq � A 3/ wkh wudqvsruw frvwv lq wkh ghfhqwudol}hg hfrqrp| duh ehorz wkh rswlpxp

zkhuhdv zkhq � ? 3/ wkh wudqvsruw frvwv lq wkh ghfhqwudol}hg hfrqrp| duh deryh wkh rswlpxp1

Vlqfh/ jlyhq lqhtxdolw| +<, lq rxu frq�jxudwlrq/ zh qhfhvvdulo| kdyh fe A f�/ d odujhu qxpehu

ri hpsor|hg zrunhuv lq wkh hfrqrp| lv dvvrfldwhg zlwk odujhu frppxwlqj frvwv1 Wkxv/ d

kljkhu �/ lpso|lqj kljkhu zdjhv/ uhgxfhv hpsor|phqw dqg wkxv uhgxfhv wudqvsruwv vshqglqj1

;Qrwh wkdw fdvh E���� pd| dovr krog lv d ghjhqhudwh fdvh/ zkhq wkh wudqvsruw frvw gl�huhqwldo ehwzhhq wkh

hpsor|hg dqg wkh xqhpsor|hg lv }hur l1h1 Se ' S�/ zklfk/ jlyhq lqhtxdolw| +<,/ lv srvvleoh rqo| li @ ' f1 Lq

vxfk d fdvh/ wkh lqhtxdolw| +<, lv elqglqj dqg wkh vorshv ri elg uhqwv ri wkh hpsor|hg dqg xqhpsor|hg duh

htxdo= wkh orfdwlrq ri wkh djhqwv lv wkxv xqghwhuplqdwhg1 Qrwh dovr wkdw zkhq wkh vsdwldo lqjuhglhqwv ri wkh

prgho glvdsshdu/ @ ' f/ dqg Se ' S� ' f/ rqh qdwxudoo| rewdlqv wkh vwdqgdug h!flhqf| frqglwlrq q ' #Ew�1
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Dffruglqjo|/ h!flhqf| lq wkh fdvh � A 3 uhtxluhv d kljkhu ohyho ri hpsor|phqw wr lq0

fuhdvh wudqvsruwv vshqglqj/ l1h1 zkhq � lv orzhu wkdq zkdw lv uhtxluhg wr lqwhuqdol}h wkh

vhdufk0pdwfklqj h{whuqdolwlhv1 Vlploduo|/ h!flhqf| lq wkh fdvh � ? 3 uhtxluhv d orzhu ohyho ri

hpsor|phqw wr uhgxfh wudqvsruwv vshqglqj/ l1h1 zkhq � lv kljkhu wkdq zkdw lv uhtxluhg wr

lqwhuqdol}h wkh vhdufk0pdwfklqj h{whuqdolwlhv1

Pruh jhqhudoo|/ li � $ 3/ zh rewdlq wkh vsdfhohvv Krvlrv0Slvvdulghv h!flhqf| frqglwlrq

hyhq wkrxjk vsdwldo hohphqwv uhpdlq1 Grhv lw phdq wkdw vsdfh kdv qr lpsruwdqfh lq wkh

prghoB Wkh dqvzhu lv fohduo| qr= li vsdfh grhv qrw dozd|v prgli| wkh h!flhqf| uhvxow/ lw

vwurqjo| d�hfwv wkh htxloleulxp1 Zh frxog douhdg| jxhvv wklv uhvxow iurp wkh idfw wkdw wkh

Ehyhulgjh fxuyh/ gh�qhg e| htxdwlrq +5;,/ ghshqgv rq v1 Zh lqyhvwljdwh wkh ghshqghqfh ri

xqhpsor|phqw wr wkh vsdwldo glvshuvlrq ri djhqwv pruh v|vwhpdwlfdoo| lq wkh qh{w vhfwlrq1

9 Wkh uroh ri vsdfh lq wkh wkhru| ri xqhpsor|phqw

914 Lqwhudfwlrq ehwzhhq odqg dqg oderu pdunhwv

Wkh lqwhudfwlrq ehwzhhq odqg dqg oderu pdunhw lv sduwo| gxh wr wkh ghshqghqfh ri vhdufk

h!flhqf| rq glvwdqfh1 Wr vkrz wkdw/ zh surfhhg d frqwudulr= zh dvvxph �uvw wkdw zdjhv

duh h{rjhqrxv dqg d @ 3/ dqg lq wklv fdvh/ erwk pdunhwv htxloleuld duh lqghshqghqw1 Zkhq

zh uhod{ h{rjhqrxv zdjhv dqg nhhs d @ 3/ wkhuh lv d rqh0zd| lqwhudfwlrq ehwzhhq pdunhwv=

wkh oderu pdunhw grhv qrw ghshqg rq wkh odqg pdunhw1 Ilqdoo|/ dv vrrq dv d A 3/ rqh kdv d

jhqhudo htxloleulxp lqwhudfwlrq ehwzhhq wkh pdunhwv1

Rqh ri wkh nh| dvvxpswlrq ri rxu prgho lv wkdw wkh vhdufk h!flhqf| v� ri hdfk zrunhu l

ghshqgv rq wkh glvwdqfh ehwzhhq uhvlghqfh dqg wkh mre0fhqwhu/ l1h1/ v� @ v�+g, zlwk v�

�
+g, ? 31

Wklv lpsolhv wkdw wkh odqg dqg oderu pdunhwv duh lqwhughshqghqw1 Lqghhg/ rq wkh rqh kdqg/

wkh oderu pdunhw vwurqjo| ghshqgv rq wkh odqg pdunhw vlqfh wkh htxloleulxp ydoxhv ri xW> Y W

dqg �W ghshqg rq wkh ydoxh ri v1 Rq wkh rwkhu kdqg/ wkh odqg pdunhw vwurqjo| ghshqgv rq wkh

oderu pdunhw vlqfh wkh lqhtxdolw| +<, ghwhuplqlqj wkh odqg pdunhw htxloleulxp frq�jxudwlrq/

�W ? o/ ghshqgv rq wkh ydoxh ri �W1

Wr hydoxdwh wkh lpsolfdwlrqv ri wklv uhodwlrq v�+g,/ ohw xv dvvxph wkdw v� lv lqghshqghqw

ri g +d @ 3 vr wkdw v @ vf, exw zrunhuv vwloo orfdwh lq wkh flw| dqg wkxv ehdu odqg uhqwv dqg

frppxwlqj frvwv1 Lq wklv frqwh{w/ wkh lqhtxdolw| +<, uhgxfhv wr we�w� A 31 Lq rwkhu zrugv/ wkh

odqg pdunhw htxloleulxp lv lqghshqghqw ri wkh oderu pdunhw htxloleulxp1 Wkh orfdwlrq fkrlfhv

ri wkh hpsor|hg dqg wkh xqhpsor|hg/ zklfk ghshqg rq wkh vorshv ri wkh elg uhqwv/ lqyroyh
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rqo| wudqvsruwdwlrq frvwv1 Vr/ vlqfh w� ? we/ wkh xqhpsor|hg uhvlgh dw wkh rxwvnluwv ri wkh

flw|/ luuhvshfwlyh ri wkh oderu pdunhw htxloleulxp rxwfrph1 Zkhq zdjhv duh h{rjhqrxv/ zh

gr qrw kdyh dq|pruh htxdwlrq +55, exw lqvwhdg z @ z1 Vr/ wkh htxloleulxp lv gh�qhg e|

wzr htxdwlrqv/ +4<, dqg +59, lq zklfk z @ z1 Wkhuhiruh/ zkhq zdjhv duh h{rjhqrxv/ wkh

htxloleulxp xqhpsor|phqw dqg ydfdqf| udwhv zrxog eh h{dfwo| wkh vdph dv lq wkh vwdqgdug

qrq0vsdwldo pdwfklqj prghov +vhh h1j1 Slvvdulghv/ 4<<3, dqg v @ vf lv lqghshqghqw ri wkh

odqg xvh htxloleulxp1 Rq wkh frqwudu|/ zkhq wkh zdjh lv d uhvxow ri d edujdlqlqj ehwzhhq

zrunhuv dqg �upv/ wkh pdlq gl�huhqfh zlwk wkh vwdqgdug qrq0vsdwldo pdwfklqj prgho lv wkdw

frppxwlqj frvwv d�hfw zdjhv1 Zh fdq vxppdul}h rxu glvfxvvlrq e| wkh iroorzlqj wdeoh1

Wdeoh 4= Lqwhudfwlrq ehwzhhq odqg dqg oderu pdunhwv

H{rjhqrxv zdjhv Hqgrjhqrxv zdjhv

d @ 3 Qr Lqwhudfwlrq Sduwldo Lqwhudfwlrq +OPH$OH,

d A 3 Frpsohwh Lqwhudfwlrq Frpsohwh Lqwhudfwlrq

+OPH$OH phdqv wkdw wkh lqwhudfwlrq lv iurp wkh

Odqg Pdunhw Htxloleulxp wr wkh Oderu Htxloleulxp,

915 Ghfrpsrvlwlrq ri xqhpsor|phqw

Zh sxuvxh rxu dqdo|vlv ri wkh lpsruwdqfh ri vsdfh lq htxloleulxp xqhpsor|phqw e| ghwhu0

plqlqj wkh sduw ri xqhpsor|phqw rqo| gxh wr vsdwldo iulfwlrqv1 Ohw xv vwduw zlwk h{rjhqrxv

zdjhv1 Lq wklv fdvh/ � lv frqvwdqw dqg ghwhuplqhg e| +4<,1 E| xvlqj +5:,/ wkh xqhpsor|phqw

udwh lv jlyhq e|=

x @
�

� . �t+�, ^vf � d+4� x@5,`
+63,

Ohw xv ixuwkhu gh�qh e|=

xf @
�

� . �t+�,vf
+64,

wkh sduw ri xqhpsor|phqw wkdw lv lqghshqghqw ri vsdwldo iulfwlrqv/ l1h1 zkhq d @ 3 vr wkdw

vf @ vf1 E| d Wd|oru �uvw0rughu h{sdqvlrq iru vpdoo d@vf/ zh hdvlo| rewdlq=

xW @ xf

�
4 .

d

vf
+4� xf, +4� xf@5,

�
@ xf . xr +65,

zkhuh xr � xf ^d +4� xf, +4� xf@5, @vf` lv wkh xqhpsor|phqw wkdw lv rqo| gxh wr vsdwldo

iulfwlrqv dqg xf lv gh�qhg e| +64,1 Revhuyh wkdw xr lv lqfuhdvlqj lq d@vf/ wkh sdudphwhu
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uhsuhvhqwlqj wkh orvv lq lqirupdwlrq wkurxjk glvwdqfh dqg qxoo zkhq d @ 31 Revhuyh dovr wkdw

wkh sxuh iulfwlrqdo xqhpsor|phqw xf d�hfwv xr lq wkh iroorzlqj zd|=

Li xf ? 4�
s
6

6
f 3=75 / wkhq

Cxr

Cxf
A 3

Lq jhqhudo xf ? 3=75 vr wkdw xf d�hfwv srvlwlyho| xr> vkrzlqj wkh ixoo lqwhudfwlrq ehwzhhq

odqg dqg oderu pdunhwv1 Wklv lv txlwh qdwxudo= kljkhu cvsdfhohvv* xqhpsor|phqw xf d�hfwv

srvlwlyho| iulfwlrqv gxh wr vsdwldo khwhurjhqhlw| +wklv lv d vlgh0h�hfw ri wkh glvshuvlrq ri vsdfh

rq wkh xqhpsor|hg wkhpvhoyhv/ zklfk lqfuhdvhv wkh dyhudjh glvwdqfh wr mrev,1

Xqghu hqgrjhqrxv zdjh vhwwlqj/ d odujhu vhw ri sdudphwhuv ghwhuplqhv wkh vsdwldo frp0

srqhqw ri xqhpsor|phqw1 Iluvw/ wkh hqgrjhqrxv zdjh z gh�qhg e| +55, fdq eh ghfrpsrvhg

lqwr wkuhh sduwv=

z @ zf .z| �z@ +66,

zkhuh zf @ +4 � �,e . �+| . vf��, lv wkh zdjh wkdw zrxog uhfhlyh zrunhuv li doo djhqwv

zhuh orfdwhg lq wkh vdph srlqw/ z� @ +4� �,+we � w�,+4� x, uh hfwv wkh lpsdfw ri glvwdqfh

rq wudqvsruwdwlrq frvwv dqg wkxv rq zdjhv/ dqg z@ @ � d +4 � x,�� wkh idfw wkdw vhdufk

h!flhqf| ydulhv zlwk glvwdqfh wr mrev +wklv zdv fdoohg wkh *rxwvlgh rswlrq h�hfw* ri glvwdqfh lq

wkh suhylrxv vhfwlrq,1 E| xvlqj d Wd|oru h{sdqvlrq/ rqh frxog dovr ghfrpsrvh � lq gl�huhqw

sduwv/ wkxv ixuwkhu ghfrpsrvlqj wkh vsdwldo sduw ri xqhpsor|phqw lqwr wkuhh sduwv lwvhoi1

Wklv lv d elw lqyroylqj iru mxvw �qglqj d ghfrpsrvlwlrq orrnlqj h{dfwo| dv wkh ghfrpsrvlwlrq

ri zdjhv1

Wkh frqfoxvlrq lv wkdw/ frpsduhg wr wkh qrq0vsdwldo fdvh/ xqhpsor|phqw lqfuhdvhv ehfdxvh

ri wkh orvv ri lqirupdwlrq gxh wr vsdwldo glvshuvlrq ri djhqwv dqg dovr ehfdxvh ri wkh zdjh

frpshqvdwlrq ri frppxwlqj frvwv1 Krzhyhu/ lw dovr whqgv wr ghfuhdvh ehfdxvh ri wkh rxwvlgh

rswlrq h�hfw wkdw uhgxfhv zdjhv1

916 Orqj whup xqhpsor|hg dqg vsdfh

Ilqdoo|/ lq wklv vxe0vhfwlrq/ zh glvfxvv wkh olqn ehwzhhq wkh orfdwlrq ri zrunhuv wr wkhlu

oderu pdunhw rxwfrphv1 Lq rxu prgho/ wkh xqhpsor|hg zkr olyh ixuwkhu dzd| iurp mrev

h{shulhqfh orqjhu xqhpsor|phqw vshoov wkdq wkrvh uhvlglqj forvhu wr mrev1 Wklv uhvxow vwhpv

iurp wkh dvvxpswlrq wkdw vhdufk h!flhqf| ghshqgv qhjdwlyho| rq glvwdqfh1 Khuh/ zh ghulyh

wklv uhodwlrq iurp pruh sulplwlyh dvvxpswlrqv derxw vhdufk h�ruw1 Lq dgglwlrq/ e| grlqj vr/

zh lqwurgxfh wzr fodvvhv ri xqhpsor|hg zrunhuv= wkh orqj uxq dqg vkruw uxq xqhpsor|hg

zrunhuv1
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Hdfk lqglylgxdo*v vhdufk h!flhqf| v� qrz ghshqgv rqo| rq klv2khu h�ruw h1 Zh dvvxph

ghfuhdvlqj uhwxuqv wr vfdoh wr h�ruw/ l1h1/ v�+h, A 3 dqg v��+h, � 31 Dv deryh/ hdfk lqwhuylhz lv
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xqhpsor|phqw vshoov +vhh h1j1 Urjhuv/ 4<<: iru hpslulfdo uhvxowv,1

<Lq wkh suhylrxv vhfwlrqv/ wkh dvvxpswlrq ri frvwv zdv ��Eec _� ' |� _1

4<



: Frqfoxvlrq

Lq wklv sdshu/ zh kdyh prghoohg wkh jhqhudo lqwhudfwlrq ehwzhhq wkh vsdwldo glvshuvlrq ri
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