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ABSTRACT
Optimal Taxation with Capital Accumulation and
Wage Bargaining
This study examines optimal taxation in a unionized economy in which households save
capital. The main findings are as follows. Judd’s (1985) and Chamley’s (1986) classical
results of zero taxation on capital income holds. This is true independently of workers’
savings behaviour or the capitalists’ weight in the social welfare function. The steady-state
optimal tax rates on wages and employment are specified. The consumption tax is needed
for revenue raising purposes.
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Introduction

This paper examines the problem of how taxes should be determined in a
unionized economy with capital accumulation. Palokangas (1987 and 2000,
Ch. 4) show that in a static general equilibrium framework, aggregate production efficiency can be maintained even with labour unions as long as the
government can set both a wage tax and a specific employment tax. In this
study, we examine whether this result also holds true in a dynamic general
equilibrium framework, in which private agents save capital and there is a
strategic interdependence between investors and labour unions.
In a dynamic model with investment, aggregate production efficiency
takes lines up with the Judd-Chamley assertion: capital income should be
taxed at a non-zero rate.1 Because capital functions as an intermediate good,
appearing only in the production but not in the utility function, it should
not be taxed, if there are enough instruments to separate consumption and
production decisions. Chamley (2001) shows that this assertion critically depends on the existence of a perfect bond market, in which private agents take
the interest rate as given, households save in bonds, and firms can finance
any amount of investment by issuing bonds. We assume here that households
own firms directly. According to Palokangas (2003), zero taxation on capital
income subsequently holds if the labour markets are competitive. This study
extends the same result to include the case of union wage settlement.
Koskela and von Thadden (2002) show that capital income should be
taxed at a non-zero rate in a unionized economy, but they assume that a
labour union takes capital stock as given. It is, however, inconsistent to
assume that the union takes the employment effects of its wage policy into
account, but simultaneously ignores the effects through investment. In this
study, we assume that the union takes the employer’s investment behaviour
as a constraint and show that the Judd-Chamley result still holds.
1

Judd (1985), Chamley (1986) and Correia (1996).
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In this study, we assume that the government is the Stackelberg leader
and the private agents take the government’s policy instruments as given.
Benhabib and Rustichini (1997), Xie (1997) and Lansing (1999) raise the
question of whether public policy is consistent in such a case. Palokangas
(2003) considers this issue and shows that there is indeed a reputational
equilibrium with consistency. We lean on this result and assume consistency.
The remainder of this paper is organized as follows. Section 2 introduces
the structure of the economy. Section 3 presents the degree of centralization
and the two strategic cases of leadership. Section 4 considers investment and
wage settlement, while Section 5 analyses public policy.

2

Households, firms and the government

There is one good which is chosen as the numeraire, and two sectors: the
formal sector, which produces the good from capital and labour; and the
informal sector, which cannot be taxed and which produces the good from
labour only with constant returns to scale. The workers in the formal sector
can form a union and raise their wage w above that found in the informal
sector. This two-sector framework is the simplest way to introduce union
wages and distorting labour taxation into the model.
There are two groups of households. The capitalists save and earn profits
and a fixed proportion α of the total wages W . The non-capitalists earn the
rest (1 − α) of total wages and consume all of their income. In this study,
we use parameter α as a measure of income distribution. The model is an
extension of two special cases. For α = 0, we obtain Judd’s (1985) case in
which the capitalists earn only profits and do not work, while the workers
earn only wages and do not save. For α = 1, we obtain Chamley’s (1986)
model of a representative agent who saves and earns both wages and profits.
The whole population has the same constant rate of time preference,

2

ρ > 0. The capitalist’s and non-capitalist’s instantaneous utilities are
. C 1−σ − 1
U (C) =
, σ > 0, σ 6= 1,
1−σ


V (1 − α)W , V 0 > 0, V 00 < 0, (1)

where C is the capitalist’s consumption, (1−α)W the non-capitalist’s income,
which is wholly consumed, and constant 1/σ the intertemporal elasticity
of substitution for the capitalist. The capitalist’s and the non-capitalist’s
utilities from a flow of consumption starting at time zero are given by
Z ∞
Z ∞

−ρt
U (C)e dt,
V (1 − α)W e−ρt dt,
0

(2)

0

where t is time. The social welfare function is a weighted average of the
utilities of the two non-capitalists and capitalists:
Z ∞

[V (1 − α)W + ϑU (C)]e−ρt dt,

(3)

0

where constant ϑ > 0 is the social weight of the capitalist.
The capitalist saves only capital. In the formal sector, output is produced
from capital K and labour L through the differentiable function
Y = F (K, L), FK > 0, FL > 0, FLL < 0, FKK < 0, FKL > 0,

(4)

where subscripts K and L denote partial derivatives with respect to K and
L. Informal sector output N depends on formal sector employment L as:
N (L),

N 0 < 0,

N 00 < 0.

(5)

Hence, more and more labour must be transferred from the formal into the
informal sector to produce one more unit in the latter.
At each moment of time, the government finances fixed expenditure E by
E = τC C + τK Π + τW wL + τL L,

(6)

where τC > −1, τW > −1, τK ≤ 1 and τL are taxes on the capitalist’s
consumption C, wages in the formal sector, wL, (gross) capital income Π,
3

and employment in the formal sector, L, respectively.2 We assume a fixed
upper limit υ ∈ [0, ∞) for the capital subsidy −τK , so that3
−υ ≤ τK ≤ 1.

(7)

Firms in the formal sector decide on their labour input L, taking the
.
wage w and capital K as given. Noting (4), we obtain their profit as Π =
F (K, L) − vL − µK, where F (K, L) is output, v =(1
˙ + τW )w + τL unit labour
cost and the constant µ ∈ (0, 1) is the rate of capital depreciation. Through
the maximization of profit Π, we obtain
.
.
Π(K, v) = max[F (K, L) − vL − µK], ΠK = ∂Π/∂K = FK − µ,
L
.
Πv = ∂Π/∂v = −L, v = FL (K, L), w = [FL (K, L) − τL ]/(1 + τW ),
ΠKK ≡ 0 ⇔ Π(K, v) = max[F (1, `) − v` − µ]K = ΠK K.
`

3

(8)

Labour unions and capitalists

All private agents take the taxes as given. We assume that capitalists own
only a small proportion of the firm in which they work, so that when deciding
on saving, they take their entire labour income W as fixed. Given this,
we can aggregate the firms together with their owners as the representative
capitalist, who chooses investment and faces a wage-setting union.
The union observes that the capitalist’s labour income is determined by
.
f ],
W = α[βW + (1 − β)W

(9)

where α is the capitalist’s proportion of total wages, W wages from the
f wages received from the other firms in the
firms controlled by the union, W
2

Because the non-capitalists do not save, but both labour income and capital income
are taxed, it is all the same whether we tax total consumption (1 − α)W + C or just the
capitalist’s consumption C. The cases τC = −1 or τW = −1 are not feasible, because the
effective prices for consumption or labour cannot be zero for a capitalist.
3
Otherwise, the subsidy −τK would get an infinite value in the government’s optimal
program in Section 3.
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economy, and the constant β ∈ [0, 1] is the proportion of firms controlled by
f as given. Parameter β
the union. The union internalizes W , but takes W
can be used as a measure of the degree of centralization in wage settlement.
If wage settlement is decentralized, the representative union controls a very
small proportion of the firms, and we can approximate β = 0. If this is
centralized, the union controls all firms and consequently β = 1.
Labour income W is equal to income from the informal sector, N , plus
wages in the formal sector, wL. Noting (4) and (8), this yields the function
.
W (L, K, τW , τL ) = N (L) + wL = N (L) + [FL (K, L) − τL ]L/(1 + τW ),
FLL L + FL − τL
FKL L
. ∂W
. ∂W
= N0 +
, WK =
=
.
(10)
WL =
∂L
1 + τW
∂K
1 + τW
The union maximizes the value of the flow of labour income, discounted by
the households’ rate of time preference, ρ, as:
Z ∞
W (L, K, τW , τL )e−ρt dt.

(11)

0

The capitalist’s budget constraint is given by
.
K̇ = dK/dt = W + (1 − τK )Π(K, w) − (1 + τC )C,

(12)

where K̇ is capital accumulation. In the whole economy, capital accumulation
is equal to production in the informal and formal sectors, N (L) + F (K, L),
minus the capitalist’s consumption expenditure (1+τC )C, the non-capitalist’s
consumption (1 − α)W , government expenditure E and depreciation µK:
K̇ = N (L) + F (K, L) − C − (1 − α)W − E − µK.

(13)

When (13) holds, the goods market is in equilibrium. Then, by Walras’ law,
the government budget is balanced and (6) holds as well.

4

Investment and wage settlement

The capitalist as the follower maximizes her utility (2) by her consumption
C subject to capital accumulation (12) and the functions (10), taking unit
5

labour cost v and her labour income W as given. Given (1) and (8), we
obtain the Hamiltonian of this maximization as
H CF =U (C) + θ[W + (1 − τK )Π(K, v) − (1 + τC )C],
where the co-state variable θ evolves according to
θ̇ = ρθ − ∂H CF /∂K = [ρ − (1 − τK )ΠK (K, v)]θ,

lim θKe−ρt = 0.

t→∞

(14)

The first-order condition for the capitalist’s maximization is given by
C −σ = U 0 (C) = (1 + τC )θ.

(15)

From (8), (14) and (15) it follows that
Ċ/C = −(1/σ)θ̇/θ = [(1 − τK )ΠK (K, v) − ρ]/σ.

(16)

Variables K and C are governed by (12) and (16). With decreasing returns
to scale in the formal sector, ΠKK < 0, the dynamics is as follows. Because
∂ K̇
∂ Ċ
C
∂ Ċ
∂ K̇
= (1 − τK )ΠK > 0,
< 0,
= (1 − τK )ΠKK < 0,
∂K
∂C
∂K
σ
∂C

= 0,
Ċ=0

we obtain
∂ K̇ ∂ Ċ
+
∂K ∂C

> 0,
Ċ=0

∂ K̇ ∂ Ċ
∂K ∂C

<
Ċ=0

∂ K̇ ∂ Ċ
,
∂C ∂K

and there is a saddle-point solution. Hence, the co-state variable C (which
represents θ) jumps onto the saddle path which leads to the steady state in
which K, C and λ are constants, and limt→∞ θKe−ρt = 0 holds.
With constant returns to scale in the formal sector, ΠKK ≡ 0, given (8),
(12) and (14), we obtain





K̇ θ̇
W
C
+ −ρ
=
− (1 + τC )
= (τK − 1)ΠK < 0.
K θ
K
K K̇=0
K̇=0

This implies the transversality condition limt→∞ Kθe−ρt dt = 0.
6

The union as the leader sets its wage w to maximize its welfare (11),
given the Euler equation (16), capital accumulation (12) and the capitalist’s
labour income (9), where it internalizes its members’ labour income W by
(10). Because there is a one-to-one correspondence from w to L through (8),
the wage w can be replaced by formal-sector employment L as the union’s
policy instrument. This maximization leads to the Hamiltonian
n

f
H =W (L, K, τW , τL ) + ξ (1 − τK )[FK (K, L) − µ] − ρ C/σ + φ (1 − β)αW
o
+ αβW (L, K, τW , τL ) + (1 − τK )Π(K, FL (K, L)) − (1 + τC )C ,
(17)
where the co-state variables ξ and φ evolve according to

ξ˙ = ρξ − ∂H/∂C = ρ + ρ/σ − (1 − τK )[FK (K, L) − µ]/σ ξ + (1 + τC )φ,
lim ξCe−ρt = 0,

(18)

t→∞

φ̇ = ρφ − ∂H/∂K = [ρ − (1 − τK )(ΠK + Πv FKL )]φ − (αβφ + 1)WK ,
lim φKe−ρt = 0.

(19)

t→∞

The first-order condition for L is given by
∂H/∂L = (1 + αβφ)WL + (1 − τK )[FKL ξC/σ + Πv FLL φ] = 0,

(20)

which is equivalent to 1+αβφ = (τK −1)[FKL ξC/σ +Πv FLL φ]/WL . Inserting
this into (19) yields
φ̇ = [ρ − (1 − τK )(ΠK + Πv FKL )]φ + (1 − τK )[FKL ξC/σ + Πv FLL φ]WK /WL ,
lim φKe−ρt = 0.

(21)

t→∞

The initial values of the co-state variables ξ and φ can be chosen freely,
provided that the transversality conditions limt→∞ ξCe−ρt

=

0 and

limt→∞ φKe−ρt = 0 hold. Choosing the initial values ξ(0) = 0 and φ(0) = 0,
we obtain from (18) and (21) that ξ ≡ 0 and φ ≡ 0. The first-order condition
(20) then takes the form WL = 0. Hence, in the steady state, the optimal
7

strategy for the union is to maximize labour income W by formal-sector employment L, given taxes (τL , τW ) and capital stock K. If capital stock is at
the optimal level from the union’s viewpoint, it is enough for the union to
balance the marginal income of a wage increase with the marginal loss of
income due to lower employment. This result, (8) and (10) yields:
.
L(K, τW , τL ) = arg max W (L, K, τW , τL ),
L

.
LK (K, τW ) = ∂L/∂K,

τL − (1 + τW )N 0 (L) = FL (K, L) + FLL (K, L)L = (1 − 1/)FL ,
.
.
v(K, τW , τL ) = FL (K, L(K, τW , τL )), vK (K, τW , τL ) = ∂v/∂K,

(22)

.
where  = −FL /(LFLL ) > 0 is the elasticity of formal-sector employment L
with respect to unit labour cost v.

5

Policy rules

The government sets taxes (τC , τL , τW , τK ) to maximize social welfare (3) subject to capital accumulation (13), the Euler equation (16), equations (19) and
constraints (7). Because there is a one-to-one correspondence from (τL , τW )
to the values of the functions W and L through (10) and (20), (τL , τW ) can
be replaced by (W, L) as control variables. Noting (1), this leads to the
Hamiltonian and the Lagrangean


H G = V (1 − α)W + ϑU (C) + γ (1 − τK )[FK (K, L)) − µ] − ρ C/σ


+ χ (α − 1)W + N (L) + F (K, L) − C − µK ,
LG = H G + ν1 [τK + υ] + ν2 [1 − τK ],

(23)

where the co-state variables χ and γ evolve according to
γ̇ = ργ − ∂H G /∂C = [ρ + ρ/σ − (1 − τK )(FK − µ)/σ]γ + χ − ϑC −σ ,
χ̇ = ρχ − ∂H G /∂K = [ρ + µ − FK (K, L)]χ + (τK − 1)FKK Cγ/σ,
lim χKe−ρt = 0, lim γCe−ρt = 0,

t→∞

t→∞

8

(24)

and variables ν1 and ν2 satisfy the Kuhn-Tucker conditions
ν1 [τK + υ] = 0,

ν1 ≥ 0, ν2 [1 − τK ] = 0,

ν2 ≥ 0.

(25)

Noting (23), the first-order condition for τK is given by
∂H G /∂τK = (µ − FK )(C/σ)γ + ν1 − ν2 = 0.

(26)

Assume first −υ < Ċ < υ, so that ν1 = ν2 = 0. Because ∂ 2 H G /∂τK2 ≡ 0, we
have to solve for τK through the generalized Clebsch-Legendre conditions:4
∂  dp ∂H G 
= 0 for any odd integrer p,
∂τK dtp ∂τK
∂  d2q ∂H G 
(−1)q
≥ 0 for any integrer q,
∂τK dt2q ∂τK

(27)

where t is time. Because C > 0 and FK > µ, equation (26) yields γ = 0.
Differentiating (26) with respect to time t and noting (8), (16), (24) and
γ = 0, we see that the Clebsch-Legendre conditions (27) hold as follows:
C
C
d  ∂H G 
= (µ − FK ) γ̇ γ=0 = ΠK [ϑC −σ − χ] = 0,
dt ∂τK
σ
σ

G
2 
G
∂ d ∂H
d ∂H
C
= 0,
= −ΠK [χ̇ + σϑC −σ−1 Ċ] = 0,
2
∂τK dt ∂τK
dt ∂τK
σ
h
2 
G
∂ d ∂H
C ∂ χ̇
σϑ ∂ Ċ i
ϑ
=
−Π
+
= Π2K C 1−σ > 0.
K
2
σ+1
∂τK dt ∂τK
σ ∂τK C
∂τK
σ

(28)
(29)
(30)

Given (28), we obtain
χ = ϑC −σ .
From γ = 0, (8), (16), (24), (29) and (31) it follows that
0 = χ̇ + σϑC −σ−1 Ċ = (ρ + µ − FK )χ + ϑC −σ [(1 − τK )ΠK − ρ]
= (ρ − ΠK )ϑC −σ + ϑC −σ [(1 − τK )ΠK − ρ] = −ϑC −σ τK ΠK ,
which is equivalent to τK = 0. This yields the following result:
4

Cf. Bell and Jacobson (1975), p. 12-19.
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(31)

Proposition 1 The steady-state capital tax τK = 0 should be zero.
Noting γ = 0 and (23), the first-order conditions for W and L are
∂H G /∂W = (1 − α)(V 0 − χ) = 0, ∂H G /∂L = χ(N 0 + FL ) = 0.

(32)

Given (22), (31) and (32), we obtain FL = −N 0 , ϑC −σ = χ = V 0 and the
following results:
Proposition 2 (i) In the steady state, labour income W should be kept by
the wage tax τW such that the marginal utility of income for the non-capitalist,
V 0 , is equal to that for the capitalist, C −σ , times the latter’s social weight ϑ.
(ii) The steady-state employment subsidy −τL should be equal to (1/ + τW )v,
where  is the wage elasticity of formal-sector employment, τW the wage tax
and v unit labour cost. This equalizes the marginal product of labour in the
two sectors, FL = −N 0 , in the steady state.
Result (i) means that the wage tax should be used to maintain socially optimal income distribution. Result (ii) can be interpreted as follows. The less
elastic the formal-sector employment is with respect to the wage (i.e. the
higher 1/), the higher the union’s monopoly power, and the larger employment subsidy is needed to keep the wage in the formal sector equal to the
marginal product of labour in the informal sector.
The system (13) and (16) produces a steady state in which capital stock
K and the capitalist’s consumption C are kept constant. Given Ċ = 0,
(8), (16) and proposition 1, we obtain ρ = FK (K, L) − µ = ΠK . From this
and proposition 2(ii), it follows that the value (K ∗ , L∗ ) for (K, L) in the
steady state with γ = 0 is determined by two equations FK (K ∗ , L∗ ) = ρ + µ
and FL (K ∗ , L∗ ) = −N 0 (L∗ ). Given (25) and (26), we obtain the following.
If γ > 0 (γ < 0), then the capital subsidy (tax) should be raised to the
maximum, −τW = υ (τW = 1), so that the capitalist accumulates (exhausts)
capital, K̇ > 0 (K̇ > 0). This result can be rephrased as:
10

Proposition 3 The equilibrium values K ∗ and L∗ for capital K and formalsector employment L are given by FK (K ∗ , L∗ ) = ρ + µ and FL (K ∗ , L∗ ) =
−N 0 (L∗ ). The government should encourage (discourage) investment as long
as capital K is above (below) its equilibrium level K ∗ , K̇ > 0 (K̇ < 0).
Because the system ends up with a steady state in which K, C, χ and γ are
constants, conditions limt→∞ Kχe−ρt = 0 and limt→∞ Cγe−ρt = 0 hold.

6

Conclusions

This paper examines optimal taxation in an economy with two sectors: a
formal sector which can be taxed, and an informal sector which cannot.
Workers in the formal sector form a union, which raises their wage above
the wage found in the informal sector. Some (or all) households specified
as capitalists save and earn a fixed proportion of all wages, while the others
specified as non-capitalists spend all of their income. A labour union takes the
firms’ and capitalists’ employment and investment behaviour as constraints
in wage settlement. Wages are determined at the level of a single firm, at the
level of the whole economy, or at some intermediate level. The government
can tax consumption, employment, wages and capital income. The main
findings of this paper are the following.
Zero taxation of capital income applies to unionized economies. Aggregate production efficiency can be maintained by the taxes on consumption,
wages and formal-sector employment. The wage tax should be set so as to
keep the marginal utility of a non-capitalist equal to the marginal utility of a
capitalist times the capitalists’ weight in the social welfare function. The employment subsidy is needed to change the slope of the labour demand curve,
so that the union sets its wage equal to the marginal product of labour in the
informal sector. Consumption should be taxed for revenue-raising purposes.
These tax rules hold for any degree of centralization in wage settlement and
for any proportion of wages earned by the capitalists.
11
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